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SCALAR FIELD UNDER GRAVITATIONAL PERTURBATIONS
JUNBIN LI AND JUE LIU
Abstract. In this paper, we initiate the study of the instability of naked singularities
without symmetries. In a series of papers, Christodoulou proved that naked singularities
are not stable in the context of the spherically symmetric Einstein equations coupled with
a massless scalar field. We study in this paper the next simplest case: a characteristic
initial value problem of this coupled system with the initial data given on two intersect-
ing null cones, the incoming one of which is assumed to be spherically symmetric and
singular at its vertex, and the outgoing one of which has no symmetries. It is shown that,
arbitrarily fixing the initial scalar field, the set of the initial conformal metrics on the out-
going null cone such that the maximal future development does not have any sequences of
closed trapped surfaces approaching the singularity, is of first category in the whole space
in which the shear tensors are continuous. Such a set can then be viewed as exceptional,
although the exceptionality is weaker than the at least 1 co-dimensionality in spherical
symmetry. Almost equivalently, it is also proved that, arbitrarily fixing an incoming null
cone Cε to the future of the initial incoming null cone, the set of the initial conformal
metrics such that the maximal future development has at least one closed trapped surface
before Cε, contains an open and dense subset of the whole space. Since the initial scalar
field can be chosen such that the singularity is naked if the initial shear is set to be zero,
we may say that the spherical naked singularities of a self-gravitating scalar field are not
stable under gravitational perturbations. This in particular gives new families of non-
spherically symmetric gravitational perturbations different from the original spherically
symmetric scalar perturbations given by Christodoulou.
Contents
1. Introduction 2
1.1. Previous works 2
1.2. Main results 5
1.3. The incoming cone C0 and the singularity 7
1.4. Formation of trapped surfaces 9
1.5. Instability theorems 13
1.6. A priori estimates and the existence theorem 16
1.7. Outline of the paper 25
1.8. Acknowledgement 25
2. Double null coordinate system and equations 25
2.1. Double null coordinate system 25
2.2. Equations 27
1
ar
X
iv
:1
71
0.
02
42
2v
2 
 [g
r-q
c] 
 12
 M
ar 
20
18
2 JUNBIN LI AND JUE LIU
3. Statement of the existence theorem 32
3.1. Formulation of the problem 32
3.2. Norms 32
4. Proof of the existence theorem — Theorem 3.1 36
4.1. Bootstrap assumptions 36
4.2. Preliminary lemmas 36
4.3. Estimates for E 41
4.4. Estimates for O 43
4.5. Estimates for E˜ 46
4.6. Estimates for O˜ 52
4.7. Estimates for R 61
5. Formation of trapped surfaces 68
6. Instability theorems 73
7. Gravitational perturbations 80
7.1. The instability theorems for non-smooth initial data 80
7.2. The space of the initial data sets 83
References 87
1. Introduction
1.1. Previous works. In general relativity, one models the gravity in spacetimes using a
Lorentzian manifold whose metric should satisfy the Einstein equations
Ricαβ − 1
2
Rgαβ = Tαβ.
One fundamental question in the classical theory of general relativity is the weak cosmic
censorship conjecture, which is proposed firstly by Penrose, and usually stated as follows:
for suitable Einstein-matter field systems, the maximal future development of the generic
asymptotically flat initial data possesses a complete future null infinity.
Perhaps the most interesting case is the vacuum Einstein equations, i.e., setting Tαβ ≡ 0
and hence
Ricαβ = 0,
This is because the singularities arise in this case only because of the effect of gravity itself.
In order to simplify the equations, symmetries are usually imposed, for example, spherical
symmetry. However, it is not appropriate to impose spherical symmetry in vacuum because
the spacetime will reduce to a single family of the static Schwarzschild solutions due to
the Birkhoff theorem. To gain insights to attack the original problem, one would rather
investigate the spherically symmetric solution of the Einstein equations coupled with a
simple material model that can be used to simulate the effect of gravity. A suitable choice
is the massless scalar field φ, whose energy-momentum tensor reads
Tαβ = ∇αφ∇βφ− 1
2
gαβ∇µφ∇µφ.
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The coupled system, which we call the Einstein-scalar field equations, can be written in
the following form: {
Ricαβ = 2∇αφ∇βφ
gαβ∇α∇βφ = 0
.
The study of this model in spherical symmetry is successful. Christodoulou studied in
a series of papers, including [3–6, 8], the spherical symmetric solution of this model, and
rigorously verified in the last paper [8] that the weak cosmic censorship conjecture holds
in this category. Strictly speaking, he proved the following genericity theorem.
Theorem 1.1 (Christodoulou [3–5,8]). Let A be the space of functions of bounded varia-
tion on the non-negative real line, which is the space of the initial data α0 =
∂
∂r (rφ)
∣∣∣
Co
on
the initial null cone Co issuing from a point o, a fixed point of the SO(3) action, where r
is the area radius of the orbit spherical sections of Co. Let S be the collection of α0 ∈ A
such that the maximal future development is not complete. Let E be the exceptional set
which is the complement in S of the collection of initial data such that the maximal de-
velopment has a complete future null infinity and terminates at a spacelike singular future
boundary. Then if α0 ∈ E , there exists some f ∈ A depending on α0 such that the family
α0 + tf lies in S\E for t 6= 0. In addition, any two such families do not intersect, i.e., if
α1 + t1f1 = α2 + t2f2, then α1 ≡ α2, f1 ≡ f2, t1 = t2.
The conclusion of the above theorem consists of two parts: the existence of the families
(α0 + tf)t∈R of perburbations, which implies that E is dense in A, and the uniqueness,
which means that any functions in A belongs to no more than one of such families. The
set E is then of co-dimension at least 11 and therefore the set E can be considered to
be exceptional. Indeed, this theorem does not only establish the weak cosmic censorship
but also the strong cosmic censorship, which says that the maximal future development of
generic asymptotically flat initial data cannot extend as a Lorentzian manifold in suitable
sense. We remark that the exceptional set E is not empty, i.e., singularities not hidden
inside a black hole, which we call naked singularities, do occur in the spherically symmetric
solutions of the Einstein-scalar field equations. Examples are provided by Christodoulou
in [6] and this shows that the word “generic” is needed in both the statements of the weak
and strong cosmic censorship conjectures.
An essential step of proving the above theorem is to understand in which way a closed
trapped surface, a 2-spacelike surface embedding in the spacetime such that the mean
curvature relative to both future null normals are negetive forms surrounding a given
singularity. This was accomplished by Christodoulou in [4]:
Theorem 1.2 (Christodoulou, [4]). Consider the spherically symmetric solution of the
Einstein-scalar field equations with initial data given on a null cone Co. Consider two
1In fact, Christodoulou proved that indeed the co-dimension is at least 2. Christodoulou’s proof also
suggested that the set E still has at least 1 co-dimension in the space of all more regular absolutely continuous
initial data.
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spherical sections S1 and S2 with area radii r1, r2 and mass contents m1, m2, and S2 is in
the exterior to S1. Denote
δ =
r2
r1
− 1.
Then there exists positive constants c0, c1 such that if δ ≤ c0 and
2(m2 −m1) > c1r2δ log
(
1
δ
)
, (1.1)
then there is a closed trapped surface on the incoming null cone through S2 in the maximal
future development.
Remark 1.1. Theorem 1.2 is in fact part of the main theorem called collapse theorem
in [4], in which the behaviors of the singularity and the event horizon were also studied.
First, it was proved that region of trapped surfaces terminates at a strictly spacelike singular
boundary. Second, it was also proved that the event horizon will form and the completeness
of the future null infinity follows from the analysis in [3], that every causal curve r = c has
infinite length towards the future for c larger than the final Bondi mass of the spacetime.1
The proof of Theorem 1.1 can then be sketched as follows. It was shown in [5] that
the first singularity can only appear on the central line. Suppose that e is this singular
endpoint of the central line. We define Ce to be the boundary of the causal past of e,
whose intersection with Co has area radius re. Then what was actually proved in the last
paper [8] is the following instability theorem:
Theorem 1.3 (Christodoulou, [8]). Suppose that the initial data α0 satisfies some generic
condition. Then there exist a sequence of rn → r+e and a sequence of points pn → e on the
central line, such that the outgoing null cone Cpn issuing from pn satisfies the assumptions
of Theorem 1.2 at two spherical sections: S1,n, the intersection of Cpn and Ce, and S2,n,
the intersection of Cpn and Crn , where Crn is the incoming null cone through the spherical
section r = rn on the initial null cone Co.
Remark 1.2. When we say that a condition is generic, it means that in a certain sense,
almost all initial data satisfy this condition. It was also verified in [8] that the set of initial
data not satisfying the generic condition in Theorem 1.3 is of co-dimension at least 1 in
the space of all initial data.
As a consequence by applying Theorem 1.2, there exists a sequence of closed trapped
surfaces. They are the orbit spheres, approaching the singularity e and their areas tend to
zero. Then the apparent horizon issues from e and Theorem 1.1 follows immediately from
the conclusions mentioned in Remark 1.1.
1It was also discussed in [11] by Dafermos how a single closed trapped surface implies the completeness
of the future null infinity in spherically symmetric spacetimes. Beyond spherical symmetry, nothing is
known about the relation between the existence of a closed trapped surface and the completeness of the
future null infinity. We would like to mention however the works [17, 18] on the local existence theorems
in retarded time, while the completeness of the future null infinity is equivalent to the global existence in
retarded time.
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Inspired by the above argument, Christodoulou formulated a conjecture [7] for the vac-
uum Einstein equations, which can be termed the trapped surface conjecture, and be viewed
as a local version of the weak cosmic censorship conjecture and part of the strong one. It
can of course be viewed as a conjecture for the Einstein equations coupled with suitable
matter field without any modifications.
Conjecture (Christodouou, [7]). The maximal future development (M, g) of generic
asymptotically flat initial data (H, g¯, k) has the following property. If P is a TIP1 in
M whose trace on H has compact closure K, then for any open domain D in H containing
K, the domain of dependence of D in M contains a closed trapped surface.
The goal of this paper is to initiate the study of the above conjecture without symmetries,
or precisely speaking, study how the arguments of proving Theorem 1.1 can be generalized
when no symmetries are imposed.
1.2. Main results. In this paper, we study the next simpliest case that the TIP is the past
spherical singularities of a massless scalar field studied in [8]. The meaning of a singularity
being spherical in this paper is that the causal past of this singularity is a spherically
symmetric spacetime and the boundary of this causal past is foliated by orbit spheres.
In contrast to the spherical symmetry imposed on the causal past of the singularity, no
symmetries are required in the future of the boundary of this causal past. We expect we
can gain some insights to attack the problem when the singularity is not assumed to be
spherical.
Recalling that in spherical symmetry, a sharp criterion of a point e on the central line
being singular is obtained in [5]. It says that if the ratio of the Hawking mass to the radius
of the spheres does not tend to zero as we approach e from the past, then the regular
solution cannot extend across e. Then the question we study is formulated as follows.
Basic setup. In this paper, we study the following characteristic initial value problem
with a spherical singularity of a scalar field. The initial data is given on two intersecting
null cone Cu0 which is outgoing and C0 which is incoming. The data on C0 is assumed to
be spherically symmetric. Denote r to be the area radius of the spherical section on C0
and m = m(r) be the Hawking mass. For r > 0, it is assumed that r > 2m ≥ 0 so no
closed trapped surfaces exist on C0 and
2m
r 9 0 as r → 0+. The outgoing null cone Cu0
intersects C0 at r = −u0. No symmetries are imposed on the data on Cu0 . We then solve
the Einstein-scalar field equations of such data. This setup is depicted in Figure 1.
In this setup, we are able to prove some instability theorems, generalizing Theorem 1.3,
which will be discussed in Section 1.5. Based on the instability theorems, we are able
to prove the genericity theorem. Recall that the initial data set on Cu0 consists of the
conformal metric ĝ/ of Cu0 , the lapse Ω and the scalar field function φ. For simplicity, we
will fix smooth the initial data on C0 and the smooth lapse Ω and scalar field φ on Cu0 .
One can certainly state and prove a complete version allowing perturbations both on the
1TIP is short for the terminal indecomposable past set, which is originally introduced in [12]. Roughly
speaking, a TIP is the past of a piece of the singular boundaries of the maximal future development.
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singularity
Cu0 , without symmetries
C0, spherically symmetric
Figure 1. Basic setup
ĝ/ and φ without essential additional difficulties. We also let (u, u, ϑ) be the double null
coordinate system introduced in Section 2.1, and then the initial quantities are functions
of three variables (u, ϑ). The initial data on Cu0 is not assumed to be smooth. We present
here a rough form of the main result of the present article, whose precise version is given
in Theorem 7.3.
Theorem 1.4 (Main result). Let the initial data on C0 with a singular vertex and initial
Ω and Lφ on Cu0 be arbitrarily smoothly fixed. Let I be all initial conformal metrics ĝ/
defined on Cu0 for 0 ≤ u ≤ 1 such that ĝ/ ∈ C1uH10ϑ up to the intersection Cu0 ∩C01. Let E
be the set of ĝ/ ∈ I such that the future maximal development does not have any sequences
of closed trapped surfaces approaching the singularity. Then E is of first category in I, i.e.,
Ec, the complement of E in I, contains a subset that is a countably intersection of open
and dense subsets of I.
Remark 1.3. Although in a weaker sense than the at least 1 co-dimensionality proved
in spherical symmetry, we can still say the set E is exceptional, or the initial conformal
metrics lying in I\E are generic. What we have proved is essentially the existence of
the perturbations. To prove the uniqueness part, one will need some fully anisotropic
instability theorems which is not proved in this paper. This is one of the main differences
between spherical symmetry and non-spherical symmetry. We will try to study this in the
future works.
Remark 1.4. The topology of the space of the initial conformal metrics we work in is the
most regular one in which the estimates are done based on the methods in this paper. For
non-smooth initial data, it is not a priori clear what “future maximal development” means.
We will discuss this in Section 1.5.
1This means that ĝ/ at u = 0 must be coincide in C1u level with the data induced by the spherical
symmetric initial data on C0. This in particular implies that ĝ/ is standard round metric and the shear
χ̂ = 0 at u = 0.
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Remark 1.5. In the above theorem, the initial scalar field can be chosen such that the
singularity is naked if no gravitational fields are present, i.e., the shear tensor is set to be
zero. Such examples do exist by [6]. We already know from [8] that the naked singularities
are not stable under spherical scalar perturbations in the sense of being of at least 1 co-
dimension. In this paper, we find new perturbations contributed from the gravitational
fields and establish the instability in the sense of being of first category. Therefore we may
say that the spherical naked singularities of a self-gravitating scalar field are not stable
under gravitational perturbations.
In Theorem 1.4, we investigate the exceptionality of the set E where the future maximal
developments of the initial conformal metrics in Ec has a sequence of closed trapped surfaces
approaching the singularity. But if one only concerns about the weak cosmic censorship
conjecture, then it seems that only one single closed trapped surface is sufficient. We then
let Cε be the incoming null cone where u = ε and Eε be the set of the initial conformal
metrics in I such that the maximal future development before Cε has no closed trapped
surfaces. Note that Eε ⊂ E for any ε > 0, and assuming the closed trapped surfaces are
stable under small perturbations of the initial conformal metrics in the topology of I, we
will have the following theorem.
Theorem 1.5. Ecε contains a subset that is open and dense in I for all ε > 0.
This in particular implies that generically in the sense of being open and dense, there is
at least one closed trapped surface surrounding the singularity in the maximal future devel-
opment. Moreover, assuming Theorem 1.5, Theorem 1.4 is true by noting that E = ⋃i Eεi
for any sequence εi → 0. We should remark that the above argument on the equivalence
of Theorem 1.4 and 1.5 is not rigorous since we are not working in smooth solutions and
the stability of closed trapped surfaces, which is of course true in more regular solutions by
Cauchy stability, will not be proved in this paper. But this argument still illustrates the
close relation between these two statements, which will be proved simultaneously in their
precise forms in Theorem 7.3 and 7.4.
1.3. The incoming cone C0 and the singularity. In this subsection, we derive some
basic properties of various quantities on C0 which will be used throughout the whole paper.
Readers who are not familiar with the double null coordinate system should refer to the
next section first, where all notations are introduced in detail.
Let (u, u, ϑ) be the double null coordinate system, and the optical function u is defined
such that u = −r on C0. Then the vector field L, tangent to Cu, preserving the double
null foliation, will satisfy L = ∂∂u and Lu = 1 on C0. Therefore, the null expansion Ωtrχ
along L on C0, simply equals to − 2|u| . Let L′ be the null vector field tangent to Cu, with
g(L,L′) = −2, and trχ′ be the null expansion relative to L′. Denote
h = h(u) =
|u|
2
· trχ′
∣∣∣
C0
,
8 JUNBIN LI AND JUE LIU
then by the definition of Hawking mass m = m(u), we have 1 − 2mr = h. The condition
r > 2m ≥ 0 implies that 0 < h ≤ 1 for |u| > 0. Denote also
Ω0 = Ω0(u) = Ω
∣∣∣
C0
where Ω is the lapse function. Ω0 can also defined intrinsicly on C0 by∇LL = 2(L log Ω0)L.
Then from the null structure equation for D(Ωtrχ), we can derive
∂
∂u
(
log(Ω20h)
)
=
1
|u|
(
1− 1
h
)
. (1.2)
This implies that Ω20h is monotonically decreasing, even when the vertex of C0 is assumed
to be regular. According to Lemma 2 in [8], that 2mr 9 0 implies that
lim
u→0−
∫ u
u0
1
|u′|
(
1
h
− 1
)
du′ = +∞.
Consequently, Ω20h → 0 as u → 0−. It is mentioned in [7] that the quantity − log(Ω20h)
measures the blue shift of light received by e. Similar to [8], this fact is crucial in proving
the instability of naked singularities.
Now we consider the scalar field on C0. Denote
ψ = ψ(u) = |u|Lφ
∣∣∣
C0
, ϕ = ϕ(u) = |u|Lφ
∣∣∣
C0
where L tangent to Cu preserves the double null foliation, and satisfies g(L,L) = −2Ω2, or
L = Ω2L′. Consider the Raychaudhuri equation on C0:
D(Ωtrχ) = −1
2
(Ωtrχ)2 − |Ωχ̂|2 − 2(Lφ)2 + 2ωΩtrχ.
Plugging in Ωtrχ = − 2|u| , we have
∂
∂u
log Ω = ω = −1
2
ψ2
|u| .
Integrating the above equation, we have
− log Ω
2
0(u)
Ω20(u0)
=
∫ u
u0
ψ2
|u′|du
′. (1.3)
This implies that Ω0 is monotonically decreasing no matter whether the vertex of C0
is singular. This is an important formula which is used to estimate Lφ in the a priori
estimates. We also claim that Ω20h → 0 implies Ω0 → 0 as u → 0−. If not, then Ω0
has a lower bound because it is decreasing, and then Ω20h tending to zero implies that h
should tend to zero. However, from (1.2), we have |u|∂u(Ω20h) = Ω20(h − 1), which would
imply Ω20h → −∞, a contradiction. The fact that Ω0 tends to zero monotonically is used
throughout this paper. In summarize,
Lemma 1.1. On C0, Ω
2
0h is monotonically decreasing approaching the vertex, and if in
addition the vertex of C0 is singular, then Ω
2
0h→ 0. The same conclusions hold for Ω0.
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Remark 1.6. The choice of u = −r on C0 determines Ω0 up to a constant multiple.
Therefore, throughout the paper, we will assume that Ω0(u0) ≤ 1 for simplicity. It follows
from the monotonicity of Ω0 that Ω0(u) ≤ 1 for all u ∈ [u0, 0).
At last, we investigate the function ϕ. In terms of ψ and ϕ, the wave equation restricted
on C0 can be written in the following form:
∂
∂u
ϕ = −Ω
2
0h
|u| ψ,
then we have
ϕ(u) = ϕ(u0)−
∫ u
u0
Ω20hψ
|u′| du
′
The integral on the right hand side can be estimated by∫ u
u0
Ω20hψ
|u′| du
′ ≤
(∫ u
u0
Ω20
|u′|du
′
) 1
2
(∫ u
u0
Ω20|ψ|2
|u′| du
′
) 1
2
≤ Ω20(u0)
∣∣∣∣log |u||u0|
∣∣∣∣ 12
(1.4)
where we use (1.3) to estimate
∫ u
u0
Ω20|ψ|2
|u′| du
′ ≤ Ω20(u0). This estimate is related to the fact
that the lower bound assumption of m2−m1 in Theorem 1.2 is sharp in general situations.
1.4. Formation of trapped surfaces. It is not difficult to imagine that in order to prove
the genericity theorems, a theorem similar to Theorem 1.2 without symmetries should be
proved. This is Theorem 5.2 in this paper. It is a corollary of Theorem 5.1, a more general
form of the theorem on the formation of trapped surface. To illustrate the main ideas and
difficulties we only present Theorem 5.2 here, which can also be stated as follows.
Theorem 1.6. We assume the smooth data on C0 is spherically symmetric but not nec-
essarily singular at its vertex. Suppose also that the smooth initial data on Cu0 between
two sections S1 = S0,u0 and S2 = Sδ,u0 where δ is a small parameter, satisfies an initial
estimate1:
max
{
sup
u0≤u≤u1
|ϕ(u)|, |u0| sup
0≤u≤δ
(‖Ωχ̂‖H7(u,u0) + ‖ω,Lφ‖H5(u,u0))
}
≤ Ω20(u0)a
∣∣∣∣log |u1||u0|
∣∣∣∣
for some a ≥ 1, where u1 ∈ (u0, 0) is defined by
Ω20(u1)|u1| = C2Ω40(u0)δa
∣∣∣∣log |u1||u0|
∣∣∣∣ (1.5)
and such that Ω20(u0)
∣∣∣log |u1||u0| ∣∣∣ ≥ 1. Then there exists some universal large constant C1
such that the smooth solution of the Einstein-scalar field equations exists for 0 ≤ u ≤
1The scale invariant Hn norm is defined in Section 3.
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δ, u0 ≤ u ≤ u1. If in addition
inf
ϑ∈S2
∫ δ
0
|u0|2(|Ωχ̂|2 + 2|Lφ|2)(u′, u0, ϑ)du′ ≥ 17C2Ω40(u0)δa
∣∣∣∣log |u1||u0|
∣∣∣∣ , (1.6)
then Sδ,u1 is a closed trapped surface.
The main difference of this theorem from Theorem 1.2 is that the initial data should
satisfy some a priori bounds and this bound should appear in the lower bound assumption
of the initial energy, and a claim on the existence of the solution is needed. This is because
in spherically symmetric case, Theorem 1.2 is proved by contradiction, using monotonicity
properties of the Einstein equations in spherical symmetry. These properties break down
even when we consider a small perturbation of spherical symmetry. The main difficulty is
now the existence of the solution deep into the place where a closed trapped surface has
chance to form eventually. In order to overcome this difficulty, we should find a correct
form of the a priori estimates which can only be derived by L2 based energy.
Remark 1.7. As mentioned above, without symmetries, all theorems should be proved
under some a priori bounds assumed on the initial data. However, no a priori bounds are
assumed on the initial data on C0. We will explain this in Section 1.6.
It is worth mentioning that Theorem 1.6 should be very carefully written down because
only the sharp form of such a theorem can be used to prove the Theorem 1.4. In particular,
the dependence of the assumptions of the theorem on u0 should be made explicit, because
this theorem is applied for u0 replaced by a sequence of u0,n → 0−. So we compare it with
Theorem 1.2, which is already stated in its sharp form. First, when δ is sufficiently small,
inf
ϑ∈S2
∫ δ
0
|u0|2(|Ωχ̂|2 + 2|Lφ|2)(u′, u0, ϑ)du′ ≈ 4Ω20(u0)(m2 −m1)
where mi is the Hawking mass of Si. Second, we have the equation
Dr =
r
2
Ωtrχ
where Ωtrχ is the average of Ωtrχ in Su,u. Recalling
r
2Ωtrχ takes value Ω
2
0h on C0, then
r2 − r1 ≈ Ω20(u0)h(u0)δ,
where ri is the area radius of Si. Therefore the lower bound conditions (1.1) and (1.6) only
differ by a factor h(u0). This difference is acceptable. At last, r2 − r1 (or Ω20(u0)δ by the
above analysis) in the logarithm factor in (1.1) is replaced in (1.6) by |u1|, which is the
place where a closed trapped surface will form as predicted in Theorem 1.6.
A simple discussion may help to understand why a closed trapped surface will form at
u = u1 where u1 is defined by (1.5). Assume the regular solution exists to u = u1 and some
correct a priori estimates are obtained. From the Raychaudhuri equation along outgoing
null direction, Dtrχ′ = −12(trχ)2 − |χ̂|2 − 2|L̂φ|2, where L̂ = Ω−1L, we have, on Cu,
trχ′ − 2h|u| ≈ −Ω
−2
0 (u)
∫ δ
0
(|Ωχ̂|2 + 2|Lφ|2)du.
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In order that to ensure that trχ′ < 0 at u = δ, u = u1, we require
Ω−20 (u1)
∫ δ
0
|u0|2(|Ωχ̂|2 + 2|Lφ|2)(u, u0, ϑ)du
≈Ω−20 (u1)
∫ δ
0
|u|2(|Ωχ̂|2 + 2|Lφ|2)(u, u1, θ)du > 2|u1|.
So the definition (1.5) is obtained from the lower bound (1.6).
Remark 1.8. We make an important remark that it is only the relation written in the
vector field L
Ωχ̂
∣∣
Cu1
≈ Ωχ̂∣∣
Cu0
, Lφ
∣∣
Cu1
≈ Lφ∣∣
Cu0
can be proven but not the relation written in L̂ = Ω−1L. This is because only written in
L the equations for D(Ωχ̂) and DLφ do not involve ω, whose initial value on C0 has no a
priori bounds.
The investigation of the problem of the formation of trapped surfaces when no sym-
metries are imposed was started in the celebrated work of Christodoulou [9], which also
opened the path to the study of large data problem without symmetries. His theorem can
be stated in a form similar to Theorem 1.6 as follows.
Theorem 1.7 (Christodoulou, [9]). Suppose that the initial incoming null cone C0 is a
null cone in Minkowski space, and the smooth initial data on Cu0 satisfies
|u0| sup
0≤u≤δ
3∑
i=0
δi‖Diχ̂‖H5(u,u0) ≤ δ−
1
2F
for some constants δ, F , and Ω ≡ 1 on Cu0
⋃
C0. Then there exists a function M of two
variable such that if δ ≤ M(F, u1), the smooth solution of the vacuum Einstein equations
exists for 0 ≤ u ≤ δ, u0 ≤ u ≤ u1. If also
inf
ϑ∈S2
∫ δ
0
|u0|2|χ̂|2(u, u0, ϑ)du > 2|u1|, (1.7)
then Sδ,u1 is a closed trapped surface after modifying M to a smaller function M˜ .
Remark 1.9. Christodoulou only proved this theorem when u1 = −1. But it is trivial to
extend the proof when u1 ∈ [u0, 0) is arbitrary. In addition, Christodoulou constructed a
class of initial data satisfying the assumptions of this theorem in his short pulse ansatz.
He confirmed that the closed trapped surfaces are evolutionary.
Remark 1.10. The choice of δ in the above theorem is in particular independent of u0
when |u0| ≥ 1. This fact allowed Christodoulou to pull the initial data back to the past null
infinity, and then the condition (1.7) has a clear physical meaning. In contrast, Theorem
1.6, which we prove in this paper, allows us to push the initial data deep into the vertex.
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The main difference between Theorem 1.7 and Theorem 1.6 is the the difference between
two lower bound conditions (1.7) and (1.6). When δ is suffciently small, the lower bound
in (1.7) is much large than (1.6), and we have the following consequences: compared to
the closed trapped surface forming in Theorem 1.7, the closed trapped surface forming
in Theorem 1.6 is much smaller, and is located much closer to the vertex. Therefore,
more refined a priori estimates are need to capture the growth properties of the solution
approaching the vertex in Theorem 1.6. The first extension of Theorem 1.7 by relaxing the
lower bound condition (1.7) to a condition similar to (1.6) was given by An-Luk [2]. They
proved
Theorem 1.8 (An-Luk, [2]). Suppose that the initial incoming null cone C0 is a null cone
in Minkowski space, and the smooth initial data on Cu0 with u0 = −1 satisfies
sup
0≤u≤δ
‖χ̂‖H7(u,u0) ≤ A
1
2
and Ω ≡ 1 on Cu0
⋃
C0. Then there exists a universal large constant b0 such that if
b0 ≤ b ≤ A and δA 12 b < 1, then the smooth solution to the vacuum Einstein equations
exists for 0 ≤ u ≤ δ,−1 ≤ u ≤ −δA 12 b. Moreover, if the initial data also verify the lower
bound
inf
ϑ
∫ δ
0
|χ̂|2(u,−1, ϑ)du ≥ 4bδA 12 , (1.8)
then S
δ,−bδA 12 is a closed trapped surface.
Setting φ ≡ 0, Theorem 1.6 recovers a special case of the above theorem if we set
A
1
2 = a
∣∣∣log |u1||u0| ∣∣∣, b0 = C21 and b = C2. A similar condition to b ≤ A is not required in
Theorem 1.6 but holds when u1 is chosen sufficiently close to zero. However, the lower
bound condition (1.8) is even better than (1.6), since we can choose A to be a constant
in Theorem 1.8. We should remark that the more general Theorem 5.1 can completely
recover Theorem 1.8 in vacuum. Nevertheless, when the scalar field is presented, it is
not obvious that we can choose A, or the corresponding quantity in Theorem 5.1 to be a
constant in general situations. There are at least two reasons for this. The first reason is
due to a loss on the a priori estimates, which we call E , a quantity involving derivatives of
Lφ and growing like
∣∣∣log |u1||u0| ∣∣∣ 12 . We will explain this quantity in Section 1.6. This quantity
prevents us from solving the solution even deeper into the future than u = u1 defined in
(1.5). Another reason is that ϕ = |u|Lφ|C0 may be unbounded, which prevents the energy
integral ∫ δ
0
|u|2|Lφ|2(u, u, ϑ)du
from being lower bounded before a closed trapped surface forms eventually. On the other
hand, both the quantity E and the estimate (1.4) suggest that the lower bound (1.6) is
sharp up to the factor h(u0) in general.
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There are also many other extensions to Theorem 1.7. The first extension and simplifi-
cation was given by Klainerman-Rodnianski [14], by proving the geometric quantities obey
some scale-invariant estimates relative to the parabolic scaling on null hypersurfaces. Al-
though they only considered a finite problem, An [1] extended it to an initial value problem
on the past null infinity. Luk-Rodnianski proved in [22] among many other things that the
formation of trapped surfaces theorem also holds when C0 is not necessarily Minkowskian,
while the other existed works should assume C0 to be Minkowskian. Klainerman-Luk-
Rodnianski proved in [13] the lower bound condition (1.7) can be relaxed, by replacing
inf by sup. Similar extensions are expected to hold for Theorems 1.6 and 1.8. We also
point out the first paper on the formation of trapped surfaces for non-vacuum equations by
Yu [24], which considered the Einstein equations coupled with the electric-magnetic field,
and a paper by the first author and Yu [19], in which a class of asymptotically flat Cauchy
data whose future development has a closed trapped surface was constructed, while the
other existed works were about characteristic initial value problem.
1.5. Instability theorems. We will discuss the instability theorems in this subsection.
The instability theorem proved in [8], Theorem 1.3 should also be generalized beyond
spherical symmetry. The original proof of Theorem 1.3 is by contradiction. By introducing
the dimensionless coordinates (t, s) instead of (u, r), the Bondi coordinate, by
u = u0e
−t, −2r = u0es−t,
that the conclusion of Theorem 1.1 is false implies that there exists some ε > 0 such that
2(m(s, t)−m(0, t)) ≤ c1r(s, t)s log
(
1
s
)
, (1.9)
for all (s, t) ∈ {s ≤ c0}
⋂{0 ≤ u ≤ ε}. Then (1.9) is used to conclude that the opposite
of (1.9) , or equivalently (1.1) holds, however for some (sε, tε) ∈ {s ≤ c0}
⋂{0 ≤ u ≤ ε},
allowing a perturbation on the initial data. This argument also implicitly use the fact that
the solution exists in the region {s ≤ c0}
⋂{0 ≤ u ≤ ε}.
If we go beyond spherical symmetry, the above arguments may break down for at least
two reasons. First, a similar assumption to (1.9) is far from enough to control the whole
system of the Einstein equations, in contrast to the spherically symmetric case, where the
Hawking mass m governs the whole system. Second, the existence region of the solution
relies on some suitable a priori estimates of the solution, which is also different from the
spherically symmetric case. For these two reasons, instead of (1.9), an appropriate a priori
estimate is needed, to guarantee that the solution exists deep enough into the future such
that the assumptions of Theorem 1.6 eventually hold.
Remark 1.11. It is not difficult to imagine that one should first find another robust
argument of proving Theorem 1.1, or more precisely, Theorem 1.3, and then generalize it
to the problem we study in this paper. We are able to find this argument and this is given
in detail in a separated paper [16].
The instability theorems we prove in this paper is Theorem 6.1 and Corollary 6.1. We
state a rough version here and depict them in Figure 2. Recall that the proof of Theorem
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spherical singularity
closed trapped surfaces Sδn,u1,n
null cones Cu0,n
Cu0
C0
Figure 2. The conclusions of Theorem 1.9 and 1.10
1.3 in [8] is divided into several cases according to the asymptotic behavior of ϕ as u→ 0−.
Similarly, we divide the proof of the instability theorems in two separated cases in this
paper. The first case is the following.
Theorem 1.9 (Case 1 of Theorem 6.1). If ϕ(u) is unbounded as u → 0− and the data
on Cu0 is smooth, then there exists two sequences δn → 0+, u0,n → 0− such that the
smooth solution of the Einstein-scalar field equaitons exists for 0 ≤ u ≤ δn, u0 ≤ u ≤ u0,n
and the assumptions of Theorem 1.6 hold for δ = δn, u0 = u0,n for all n. Consequently,
there exists a sequence u1,n → 0− such that the solution remains smooth for 0 ≤ u ≤ δn,
u0,n ≤ u0 ≤ u1,n and Sδn,u1,n are closed trapped surfaces for all n.
In the first case, nothing essential are required on the initial data on Cu0 . In the
second case when ϕ(u) is bounded, it is more complicated. We introduce a monotonically
decreasing positive function δ˜ = δ˜(u˜) defined for u˜ ∈ [u0, 0) where δ˜ → 0+ as u˜ → 0−.
A crucial fact is that the definition of this function is independent of the initial data on
Cu0 . We will not write down the explicit expression here but it is designed based on the
following idea: it is expected that the assumptions of Theorem 1.6 hold for δ = δ˜, u0 = u˜.
Now assume we have such a function δ˜ = δ˜(u˜). We define another function
f(u˜) =
1
δ˜(u˜)
inf
ϑ∈S2
∫ δ˜(u˜)
0
(|u0|2|Ωχ̂|2(u, u0, ϑ) + ||u0|Lφ(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0))|2)du.
(1.10)
Then we have the following theorem about the second case.
Theorem 1.10 (Case 2 of Theorem 6.1 and Corollary 6.1). Suppose that ϕ(u) is bounded
and the data on Cu0 is smooth. We also fix some γ ∈ (0, 2) on which the definition of the
function δ˜ = δ˜(u˜) also depends. Then there exists some ε > 0 such that if we can find
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some |u˜| < ε such that
Ωγ−20 (u˜)f(u˜) ≥ 2,
then the smooth solution of the Einstein-scalar field equations exists for 0 ≤ δ ≤ δ˜, u0 ≤
u ≤ u˜ and the assumptions of Theorem 1.6 hold for δ = δ˜, u0 = u˜. Consequently, there
exists some u˜∗ such that the solution remains smooth for 0 ≤ u ≤ δ˜, u˜ ≤ u ≤ u˜∗ and Sδ˜,u˜∗
is a closed trapped surface. If in addition
lim sup
u˜→0−
Ωγ−20 (u˜)f(u˜) > 2, (1.11)
then the above conclusions hold for three sequences δ˜ = δ˜n → 0+, u˜ = u˜0,n → 0−,
u˜∗ = u˜1,n → 0−.
Remark 1.12. In Remark 1.3, we have mentioned that fully anisotropic instability theo-
rems are needed to prove the positive co-dimensionality of the exceptional set in I. This
is to say we will try to replace the inf in the definition (1.10) by a sup in future works.
This can be achieved by proving a correct anisotropic version of Theorem 1.6 based on the
techniques introduced in the work [13].
Note that in general we cannot choose I to be the space of all smooth initial conformal
metrics from the form of condition (1.11). Therefore we should study a more general
class of the initial data on Cu0 including non-smooth data. For the Cauchy problem of
the Einstein equations with non-smooth initial data, a best result is a recent development
which is the resolution of the bounded L2 conjecture by Klainerman-Rodnianski-Szeftel
(see [15]), allowing the curvature of the initial metric lying in L2. For the characteristic
problem, the classical theory (see [23]) only provides us a way to solve the equation with
sufficiently smooth initial data. Recently, Luk-Rodnianski (see [21]) developed a theory to
solve by limiting argument the Einstein equations with initial α not even in L2 relative to
u (but the other curvature components should have more regularity). A key ingredient is,
they developed a renormalization technique of the Bianchi equations such that the a priori
estimates can be derived for initial shear χ̂ only lying in L∞ relative to u (but χ̂ should
have several order of the angular derivatives) and the convergence and uniqueness can also
be proved. In this paper, we also choose to work in the space of initial data such that
χ̂ ∈ L∞ relative to u. It is natural in view of the work [2, 21], since the a priori estimates
are done in terms of that norm. Moreover, we require in addition χ̂ ∈ C0 relative to u
up to the intersection Cu0 ∩ C0, which is the completion of C∞ in the norm L∞. It is
better to prove the genericity theorems in more regular space because this would mean the
singularity is more unstable. But L∞ relative to u, or C0, is the strongest norm on which
the a priori estimates are based, and in which we can prove the genericity theorems using
the techniques in this paper.
In principle, one should develop a theory to solve the equations with non-smooth initial
data, or apply the theory developed in [21] with some modifications. However, in order
not to obscure our main idea, we are not going to write down the full detail of developing
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such a theory. Instead, we state and prove Theorem 7.2, which can be stated roughly as
follows.
Theorem 1.11. Fix some singular initial data on C0 as above. Suppose that the initial
data (ĝ/,Ω, φ) on Cu0 satisfies χ̂, ω, Lφ ∈ L∞u HN (Su,u0) and Lφ − Lφ ∈ H1uHN (Su,u0) for
sufficiently large integer N . If ϕ(u) is bounded, we assume in addition
lim sup
u˜→0−
Ωγ−20 (u˜)f(u˜) > 32. (1.12)
Suppose also that we have a sequence of smooth initial data (ĝ/n,Ωn, φn) such that χ̂n and
(Lφ)n converge to χ̂ and Lφ in L
∞
ϑ L
2
u. Then there exist two sequences δk → 0+, u1,k → 0−
such that, for every k, there exists some Nk such that for all n > Nk, Sδk,u1,k is a closed
strictly trapped surface in the maximal future development of (ĝ/n,Ωn, φn).
Here the strictness means that both null expansions of Sδk,u1,k in the maximal future
development of (ĝ/n,Ωn, φn) are less than a negative number, which depends on k but is
independent of n > Nk. This theorem has the following implication: If the corresponding
sequence of smooth solutions has a limiting spacetime such that both outgoing and incom-
ing null expansions converge pointwisely, then the limiting spacetime has a sequence of
closed trapped surfaces approaching the singularity. The limiting spacetime is clearly not
unique, and even not necessarily satisfies the Einstein equations. However, any theories of
solving the Einstein-scalar field equations with non-smooth initial data by limiting argu-
ment, satisfying the requirements in Theorem 1.11 are included. Therefore, we may say
that the maximal future development of (ĝ/,Ω, φ) satisfying the assumptions of Theorem
1.11 has a sequence of closed trapped surfaces approaching the singularity. Then finally,
the proof of Theorem 1.4 is to show that
{ĝ/ ∈ I| lim sup
u˜→0−
Ωγ−20 (u˜)f(u˜) > 32} ⊂ E
contains a countably intersection of open and dense subsets of I. This can be achieved by
showing that
{ĝ/ ∈ I| there exists some u˜ with δ˜(u˜) < ε such that Ωγ−20 (u˜)f(u˜) > 33}
is open and dense for all ε > 0. Indeed, the above set is a subset of Eε for sufficiently ε > 0
and this also proves Theorem 1.5 in view of Theorem 1.10.
1.6. A priori estimates and the existence theorem. To establish the formation of
trapped surface theorem and the instability theorems, the most important part is prove the
existence of the solution. For the initial value problem of the Einstein equations without
symmetries, this is usually the most lengthy and technical part. The basic strategy is
to do a priori estimates with suitable weight functions through L2 based energy method,
which can be traced back to the celebrated work [10] of the stability of Minkowski space
by Christodoulou and Klainerman. While the stability of Minkowski space is essentially a
small data problem, the study of large data problem was pioneered by Christodoulou in
the work [9] on the formation of trapped surface.
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There are statements on the existence of the solutions in Theorem 1.6, 1.9 and 1.10. We
need to prove two parts of the existence. The first part is to solve the solution from u = u0
to u = u˜ where the assumptions of Theorem 1.6 hold, which is included in the statement
of Theorem 1.9 and 1.10. The second part is to solve the solution from u = u˜ to u = u˜∗
where a closed trapped surface will form, which is included in the statement of Theorem
1.6. It turns out that these two parts of the existence can be included in a general form of
existence theorem, which is Theorem 3.1 in this paper. Let us state it without a statement
on the quantitative behavior of the solution as follows.
Theorem 1.12. There exists a universal constant C0 ≥ 1 such that the following statement
is true. Let C, u0 and u1 be three number such that C ≥ C0 and u0 < u1 < 0. The smooth
initial data on C0 is spherically symmetric (not necessarily singular) and on Cu0 , satisfies
A = A(δ, u0, u1) := max
{
1, sup
u0≤u≤u1
(
F−1|ϕ(u)|) ,
F−1|u0| sup
0≤u≤δ
(‖Ωχ̂‖H7(u,u0) + ‖ω‖H5(u,u0) + ‖Lφ‖H5(u,u0))
}
< +∞.
(1.13)
for some function F = F (δ, u0, u1) ≥ 1, and Ω0(u0) ≤ 1. Denote
E = E (δ, u0, u1) := max
{
1,F−1A−1‖|u0|(|u0|∇/ )Lφ‖L2
[0,δ]
H4(u0)
∣∣∣∣log |u1||u0|
∣∣∣∣ 12
}
≥ 1, (1.14)
W = W (u0, u1) := max
{
1,
∣∣∣∣log Ω0(u1)Ω0(u0)
∣∣∣∣} ≥ 1. (1.15)
Suppose that the following smallness conditions hold:
Ω20(u0)δ|u1|−1E 2W . 1, (1.16)
C2δ|u1|−1FW A ≤ 1, (1.17)
and the following auxiliary condition holds:
Ω20(u0)Ω
−2
0 (u1)δ|u1|−1FA . 1. (1.18)
Then the smooth solution of the Einstein-scalar field equations exists in the region 0 ≤
u ≤ δ, u0 ≤ u ≤ u1.
The proof is by establishing the a priori estimates. One of the main difficulties of the
proof is that we need to solve the equations deep near the singular vertex, approaching
which the geometric quantities may growth. This has been handled first by [2], i.e., Theo-
rem 1.8 where C0 is assumed to be Minkowskian and the vertex is of course regular. On the
other hand, the scalar field and the singularity bring us new difficulties. In the following,
we will briefly describe the a priori estimates we want to prove. We will also explain the
quantities and the conditions introduced in the above theorem. We will encounter several
difficulties and mention how to overcome them.
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1.6.1. Quantitative behavior of the connection coefficients and the scalar field. We begin
by analyzing the expected behaviors of the connection coefficients and the scalar field,
which are similar to those in [2]. We should keep in mind that we hope to solve the
solution up to u = u1 for 0 ≤ u ≤ δ. By scaling consideration, we will expect that, for
u ∈ [0, δ], u ∈ [u0, u1],
Θ . |u|−1FA where Θ ∈ {Ωχ̂,Ωtrχ,Lφ}. (1.19)
F is chosen according to the problem at hand and A defined in (1.13) is the scale-invariant
bound for the initial data. We usually choose F ≥ sup
u0≤u≤u1
(|ϕ(u)|) and hence FA is
essentially the scale-invariant bound for the initial data on Cu0 . From the Raychaudhuri
equation
D(trχ′) = Ω−2Θ ·Θ
and from that Ω ≈ Ω0 which is reasonable, Ωtrχ has another, in fact better estimate:
Ω20(trχ
′ − 2|u|) . δ|u|
−2F 2A2.
Now we turn to the following quantites
Θ/ ∈ {η, η,∇/ φ}, Θ ∈ {Ωχ̂,Ωtrχ+ 2|u|}, Lφ−
ψ
|u| .
They satisfy the following equations in a schematic form:
D(Ωχ̂ or Ωtrχ+
2
|u|) = Ω
2(∇/ Θ/ + Θ/ ·Θ/ ) + ΩtrχΘ + Θ ·Θ + curvature,
D(Lφ− ψ|u|) = Ω
2(∇/ Θ/ + Θ/ ·Θ/ ) +
[
ΩtrχLφ
]
+ ΩtrχΘ ,
D(η or ∇/ φ) = ∇/ Θ + Θ ·Θ/ ,
Dη = Θ ·Θ/ + Ωtrχη +
[
Lφ∇/ φ
]
+ curvature.
(1.20)
The boxed and square bracketed terms, which are the so-called borderline terms, determine
the behavior of the corresponding quantities respectively. First of all, it is reasonable to
expect that an angular derivative ∇/ costs an |u|−1, and Lφ, Ωtrχ, which are non-vanishing
on C0, remain close to their initial values:
Lφ ≈ ψ|u| , Ωtrχ ≈ −
2
|u| .
Then after integration, the first three boxed terms in (1.20) contribute an estimate like
δ|u|−2FA and this suggests that
Θ/ ,Θ except η . δ|u|−2FA. (1.21)
The last boxed term is then also contributes an estimate like δ|u|−2FA after integration.
Now we should pay more attentions to the square bracketed terms, containing a factor
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Lφ, which behaves only like its initial value, worse than that suggested by signature con-
sideration1. Moreover, its initial value ψ|u| is not assumed to have any a priori bounds.
The resolution of this difficulty is to use the equality (1.3) to estimate Lφ in terms of the
monotonically decreasing function Ω0, the restriction of Ω on C0. The price is that Ω0
then appears as a weight function in our estimates, and we will find out in the proof that
this is not a big problem. Precisely, we will have∫ u
u0
|u′||Lφ|2du′ . W , where W = W (u0, u1) is defined in (1.15).
Then the contribution from the square bracketed term of the last equation is
|u||η| . · · ·+
∫ u
u0
|u′||Lφ||∇/ φ|du′ . δFA
∫ u
u0
|u′|−1|Lφ|du′ . δ|u|−1FW 12A,
suggesting that
η . δ|u|−2FW 12A. (1.22)
Finally we move to the second equation. By this equation, we have
Lφ− ψ|u| . δ|u|
−2FA(|ψ|+ 1).
To eliminate ψ we should integrate this estimate over u. For any small enough κ > 0,(
|u|κ
∫ u
u0
|u′|3−κ
∣∣∣∣Lφ− ψ|u′|
∣∣∣∣2 du′
) 1
2
.κ δFW
1
2A. (1.23)
This is the desired estimate2 for Lφ − ψ|u| . It is crucial that κ = 0 leads to a logarithmic
loss, which we will discuss later.
1.6.2. Reductive structure and the smallness condition. The presense of the borderline
terms in the equations (1.20) requires that the estimates for Θ should be obtained first
without knowing any informations of Θ/ and Θ. For example, the equation for Ωχ̂ reads
D(Ωχ̂)− 1
2
ΩtrχΩχ̂ = Ω2(∇/ Θ/ + Θ/ ·Θ/ ) + Θ ·Θ (1.24)
If we assume that the estimates (1.19), (1.21) and (1.22) hold with the right hand side
multiplied by a large constant C
1
4 , then the above equation implies that
|u||Ωχ̂| . |u0||Ωχ̂|
∣∣∣
Cu0
+ Ω20(u0)(C
1
4 δ|u|−1FW 12A+ C 12 δ2|u|−2F 2W A2) + C 12 δ|u|−1F 2A2.
1The signature is a number assigned to every geometric quantity according to how many e3 = Ω
−1L
and how many e4 = Ω
−1L are used in its definition. See for example [10] or [14] for a detailed description.
Here Lφ and Ωχ̂ have the same signature but they have totally different behaviors.
2A slightly better bound for Lφ− ψ|u| , with W
1
2 dropped, is obtained in the actual proof.
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We then need the smallness condition (1.17) to obtain the desired estimate (1.19) for
|u| ≥ |u1|. Indeed, by plugging in (1.17), the contribution from the right hand side becomes
C−1FA
which is C−1 smaller than its expected estimate (1.19). We therefore find that the right
hand side of the equation (1.24) contains no borderline terms, i.e., can be absorbed under
the smallness condition (1.17). Having the estimates for Θ, we are able to estimate Θ/ ,
Θ and Lφ − ψ|u| using equations (1.20). Note that we also have many terms on the right
hand sides of (1.20) which are not borderline and can be handled as above. Finally we will
find that the estimates (1.19), (1.21) and (1.22) hold without C and hence by a bootstrap
argument, they really hold for u ∈ [0, δ], u ∈ [u0, u1].
The above argument shows that the Einstein equations have certain reductive structure.
It means that the estimates for all related quantities can be divided into several steps.
Although the error terms of the equations are nonlinear and highly coupled, either they
can be absorbed by a suitable smallness condition, in which case they are non-borderline,
or they only involve factors which are already estimated in previous steps.
1.6.3. Energy estimates for the curvature and the renormalization of the null Bianchi
equaitons. The estimates for the connection coefficients should be coupled with the energy
estimates for the curvature components. This is because the null structure equations which
we use to estimate the connection coefficients contain curvature terms viewed as sources.
The energy estimates for the curvature are based on the contracted Bianchi equations. In-
stead of introducing the Bel-Robinson tensor as in [9,10], we will simply do integration by
parts based on the so-called null Bianchi equations which are equations about the null com-
ponents of the Weyl tensor and obtained by decompose the contracted Bianchi equations
along null directions. The advantage of this procedure over introducing the Bel-Robinson
tensor is that, in the case when some of the null components of the Weyl curvature cannot
be controlled due to the nature of the problem, we can still do renormalization to the null
Bianchi equations such that we are able to estimate some quantities instead of the Weyl
curvature. This technique was first introduced by Luk-Rodnianski in [21] and subsequently
developed or applied in [2, 17,20,22].
The problem we study shares many common features with the work [2]. Instead of
estimating the full set of the null components of the Weyl curvature, they estimated β,K−
|u|−2, σˇ = σ − 12 χ̂ ∧ χ̂ and β where K is the Gauss curvature of Su,u. Recalling we couple
the Einstein equations with the scalar field, the null Codazzi equation for div/ (Ωχ̂) reads
div/ (Ωχ̂) = · · · − (Ωβ − Lφ∇/ φ)
Then Ωβ is expected to behave like |u|−2FA. In the procedure of the energy estimates, the
estimates of β (and its derivatives) along Cu should be done together with the estimates
of K − |u|−2 and σˇ along Cu. The corresponding group of the renormalized null Bianchi
equations are
D(Ωβ) +
1
2
ΩtrχΩβ =− Ω2(∇/ K − ∗∇/ σˇ) + · · · ,
INSTABILITY OF SPHERICAL NAKED SINGULARITIES 21
D
(
K − 1|u|−2
)
=− div/ (Ωβ) + · · · ,
Dσˇ =− curl/ (Ωβ) + · · · .
The first equation should be written in the form D(Ωβ) but not Dβ because the latter one
will involve ω, the same as the equation for D(Ωχ̂) which is mentioned in Remark 1.8. We
multiply the first by |u|2Ωβ, the second by |u|2Ω2(K − |u|−2) and third by |u|2Ω2σˇ, and
sum them up. Integrating the resulting equation in the spacetime, we can then expect∫ δ
0
∫
Su,u
|u|2|Ωβ|2dµg/du+
∫ u
u0
Ω20(u
′)|u′|2
∫
Su,u′
(∣∣∣∣K − 1|u′|2
∣∣∣∣2 + |σˇ|2
)
dµg/du
′ . δF 2A2.
Here Ω0 appears again as a weight function. The other group of the renormalized equations
are the following:
D
(
K − 1|u|2
)
+
3
2
Ωtrχ
(
K − 1|u|2
)
=div/ (Ωβ) + · · · ,
Dσˇ +
3
2
Ωtrχσˇ =− curl/ (Ωβ) + · · · ,
D(Ωβ) =Ω2(∇/ K + ∗∇/ σˇ) + Lφ∇/ Lφ+ · · · .
The rule is again the D equations do not involve ω. According to the coefficient 32 of
the second terms of the first1 and second equations, we multiply the first equation by
|u|4(K − |u|−2), the second by |u|4σˇ and the third by |u|4Ω−2(Ωβ), sum them up and then
integrate the resulting equation. Note that we have a large factor Ω−2 when estimating the
error terms coming from the third equation, we cannot expect that K − |u|−2 and σˇ can
be estimated without Ω0 weighted. Instead, we can only hope to estimate the following
Ω20(u)
∫ δ
0
∫
Su,u
|u|4
(∣∣∣∣K − 1|u′|2
∣∣∣∣2 + |σˇ|2
)
dµg/du
We will see in the proof that it is bounded by δ3F 3A3. On the other hand, the term
Lφ∇/ Lφ in the third equation is a deadly term. This is because only the angular derivatives
of Lφ have good enough behavior but Lφ itself behaves only like its initial value ψ|u| on C0.
Therefore, we should write
Lφ∇/ Lφ = D(Lφ∇/ φ)−DLφ∇/ φ.
Then the first term can be absorbed by considering the null Bianchi equation for D(Ωβ +
Lφ∇/ φ) instead of D(Ωβ) and the second term can be controlled using the wave equation.
1It is one of the most important observations in [2] that this first equation can be written in the form
that the coefficient of the linear part is 3
2
and the terms denoted by · · · are under control. The coefficient
of the linear part of the original equation is 1.
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As a consequence, only Ωβ + Lφ∇/ φ but not Ωβ can be controlled in the norm
Ω20(u)
∫ u
u0
Ω−20 (u
′)|u′|4
∫
Su,u′
|Ωβ + Lφ∇/ φ|2dµg/du′
which is bounded again by δ3F 3A3. We should remark here that this estimate will cause
a minor difficulty. Consider the equation
Dη = · · ·+ (Ωβ + Lφ∇/ φ)− 2Lφ∇/ φ
where the last term contributes to the desired estimate for η and the terms denoted by · · ·
are also under control. Integrating the above equation we will have
|u||η| . |u0||η|
∣∣
Cu0
+
∫ u
u0
|u′||Ωβ + Lφ∇/ φ|du′ + δ|u|−1FW 12A.
The second term on the right hand side should be estimated as, by Ho¨lder inequality,∫ u
u0
|u′||Ωβ + Lφ∇/ φ|du′ .
(∫ u
u0
Ω20(u
′)|u′|−4du′
) 1
2
(∫ u
u0
Ω−20 (u
′)|u′|6|Ωβ + Lφ∇/ φ|2du′
) 1
2
.
Now recalling Ω0 is monotonically decreasing, the first factor on the right is bounded by
Ω0(u0)|u|− 32 , and the second factor is bounded by Ω−10 (u)δ
3
2F 32A 32 mentioned above. Then,
the contribution of the term Ωβ + Lφ∇/ φ is
Ω0(u0)Ω
−1
0 (u)(δ|u|−1FA)
3
2 .
We can see that only the condition (1.17) is not enough to make sure that η obeys the
expected estimate. Therefore the auxiliary condition (1.18) is needed to ensure that the a
priori estimates can be done.
1.6.4. Energy estimates for the scalar field and a logarithmic loss on the top order deriva-
tives. Recalling we are coupling the Einstein equations with the massless scalar field φ
which satisfying the wave equations, through which we can obtain estimates for the scalar
field. We will not introduce the energy momentum tensor but simply do integration by
parts using the wave equations written in the double null coordinate system:
DLφ+
1
2
ΩtrχLφ = Ω2∆/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ,
DLφ+
1
2
ΩtrχLφ = Ω2∆/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ.
There are four equations here but the first and the third are exactly the same equation,
which is the wave equation. The second and the fourth equations are simply geometric
identities. Written in this form, the first two equations can be considered as a group of
equations for Lφ, ∇/ φ and the last two can be considered as a group of equations for ∇/ φ,
Lφ. They have the same structure as the null Bianchi equations and then the energy
estimates can be done in the same way.
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Now we want to discuss what will happen for the estimates for the top order derivatives
of the geometric quantities. It is not surprising that the top order estimates are worse
than the lower order estimates. We may think this is due to the nonlinear nature of the
equations, because on a technical level, we use the transport equations to estimate the lower
order derivatives, and use however the Hodge-transport coupled system to estimate the top
order derivatives. And sometimes different approaches give arise to different estimates. For
example, similar to [2], the estimate along Cu for the top order derivative of η is worse
than η. Besides this, we will have a logarithmic loss due to the presence of the scalar field.
Let us look at the estimate for Ωtrχ. Its lower order derivatives can be estimated easily by
the equation
D(Ωtrχ) = Ω2∇/ η + · · · .
However, integrating this equation will cause a loss of derivative and therefore we cannot use
this equation to estimate the top order derivative of Ωtrχ, which should be estimated using
the equation for D(Ωtrχ) coupled with the null Codazzi equation for div/ (Ωχ̂). Because we
only hope to describe here the main ideas, for convenience we suppose that we only estimate
∇/ (Ωtrχ) itself using these equations, although we know that the lower order estimates can
be obtained much more easily. Now the equation for D(Ωtrχ) reads
D(Ωtrχ) = −1
2
(Ωtrχ)2 + 2ωΩtrχ− |Ωχ̂|2 − 2(Lφ)2
and applying an angular derivative ∇/ , we have
D(Ω−2∇/ (Ωtrχ)) + Ωtrχ(Ω−2∇/ (Ωtrχ))
= 2Ω−2∇/ ω(Ωtrχ)− 2Ω−2(Ωχ̂) · ∇/ (Ωχ̂)− 4Ω−2Lφ∇/ Lφ. (1.25)
Note that the equation is written in this form in order that it does not involve ω itself (but
involves the angular derivatives of ω). The coefficient 1 of the second term on the left hand
side suggests that the right hand side should be estimated in∫ u
u0
|u′|3| · |du′.
From the equation1
D∇/ ω = −Lφ∇/ Lφ+ · · · ,
the first term on the right hand side of (1.25) is estimated by∫ u
u0
|u′|3|Ω−2∇/ ω(Ωtrχ)|du′
.Ω−20 (u)δ
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
sup
0≤u≤δ
(∫ u
u0
|u′|3‖∇/ Lφ‖2L∞(u,u′)du′
) 1
2
+ · · · .
1The top order estimate for ω should be derived using the transport-Hodge coupled system instead of
this transport equation, but the term causing trouble is essentially the same.
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From the equation
D∇/ Lφ = −1
2
Ωtrχ∇/ Lφ+ · · · .
The last term of (1.25) can be estimated similarly by∫ u
u0
|u′|3|Ω−2Lφ∇/ Lφ|du′
.Ω−20 (u)δ
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
sup
0≤u≤δ
(∫ u
u0
|u′|3‖∇/ Lφ‖2L∞(u,u′)du′
) 1
2
+ · · · .
We can see both estimates cannot be controlled without a logarithmic loss1 because ∇/ Lφ
can only be bounded by |u|−2FA. The worst thing that could happen is that this loss would
accumulate and the bootstrap argument cannot be closed. Fortunately, ∇/ Lφ satisfies a
better estimate:
|u||∇/ Lφ| . |u0||∇/ Lφ|
∣∣
Cu0
+ δ|u|−1F 2W 12A2.
The second term on the right hand side will not suffer the logarithmic loss by first inte-
grating along Cu and then plugging in the smallness condition (1.17). The loss now only
depends on the initial value of ∇/ Lφ. So we introduce the quantity E defined in (1.14) and
we will find that the top order estimates are expected to suffer a loss E . Moreover, the
next to top order derivatives of η, η, ∇/ φ and all curvature components also suffer such a
loss. The reason is that, for example, the estimate for the next to top order estimates of
η, η and ∇/ φ are derived in terms of the top order derivatives of β, β + Lφ∇/ φ and Lφ
respectively. Recalling in the statement of Theorem 1.12 that we will estimate up to the
4th order derivatives of the curvature and up to the 5th order derivatives of the connection
coefficients and the derivatives of the scalar field function φ. Then it is only the 3rd and
lower order estimates do not suffer this loss. We remark that in proving Theorem 1.6, the
formation of trapped surface, L∞ estimate without logarithmic loss for the ∇/ η is needed,
therefore the estimates for up to the 5th order derivatives of the connection coefficients are
needed.
Although only the top and next to top estimates have the loss, we find that it is con-
venient to only derive estimates with loss for all derivatives of η, η,∇/ φ in the proof of
existence. The expected estimate obeyed by Θ/ ∈ {η, η,∇/ φ} then becomes
Θ/ . δ|u|−1FEW 12A.
Because of this loss, an addition smallness condition should be introduced. Consider for
example the equation for D(Ωχ̂) in the form
D(Ωχ̂) = Ω2(∇/ η + η · η) + · · ·
1Observe however that the term ΩtrχLφ∇/ Lφ, which we are dealing with, disappears in the equation
for D(∇/ ω(Ωtrχ) − 2Lφ∇/ Lφ). We could have killed the logarithmic loss by using this cancellation, which
unfortunately requires a loss of derivative and only works for the lower order estimates.
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The top order derivative for η can only be bounded in a scale invariant version of the norm
L2(Cu) by δ
1
2 |u|− 32FEA, with a loss (δ|u|−1) 12 as compared to its lower order estimates.
Therefore, by integrating the above equation, we have,
|Ωχ̂| . Ω20(u)(δ
3
2 |u|− 52FEW 12A+ δ3|u|−4F 2E 2W A2) + · · · .
The desired estimate can then be obtained by introducing another smallness condition
(1.16).
Remark 1.13. Strictly speaking, the condition (1.16) has nothing to do with the smallness
because we do not need to require that the quantity on the left hand side is very small.
But we still name it the smallness contidion because it is used very frequently as the
real smallness condition (1.17). An unsatisfactory consequence is that when considering
the next to top order estimate for Ωχ̂, the first term Ω2∇/ η on the right hand side of
the equation for D(Ωχ̂) becomes borderline. Nevertheless we can also close the estimates
because the top order estimate for η do not contain borderline terms involving Ωχ̂.
We then close the discussion on the proof of the existence theorem.
1.7. Outline of the paper. The remainder of this paper is organized as follows. In
Section 2, we introduce the double null coordinate system, and the notations and equations
adapted to this coordinate system we will use in the proof. In Section 3, we will state
the existence theorem, whose proof is then given in Section 4. The formation of trapped
surfaces theorems are proven in Section 5 and the instability theorems are proven in Section
6. In the last section, Section 7, we will state and prove the precise version of the Theorem
1.4, the main result of this paper.
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2. Double null coordinate system and equations
2.1. Double null coordinate system. We first introduce the geometric setup. We use
(M, g) to denote the underlying space-time (which will be the solution) with the Lorentzian
metric and use ∇ to denote the Levi-Civita connection of the metric g. Let u and u be
two optical functions on M , that is
g(∇u,∇u) = g(∇u,∇u) = 0.
The space-time M is foliated by the level sets of u and u respectively, and the functions
u and u are required to increase towards the future. We use Cu to denote the outgoing
null hypersurfaces which are the level sets of u and use Cu to denote the incoming null
hypersurfaces which are the level sets of u. We denote the intersection Su,u = Cu ∩ Cu,
which is a space-like two-sphere.
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We define a positive function Ω by the formula
Ω−2 = −2g(∇u,∇u).
We then define the normalized null pair (L̂, L̂) by
L̂ = −2Ω∇u, L̂ = −2Ω∇u,
which also be denoted by e3, e4 respectively, and define one another null pair
L = ΩL̂, L = ΩL̂.
The flows generated by L and L preserve the double null foliation. On a given two sphere
Su,u we choose a local frame e1, e2. We call e1, e2, L̂, L̂ a null frame. As a convention,
throughout the paper, we use capital Latin letters A,B,C, · · · to denote an index from 1
to 2 and Greek letters α, β, · · · to denote an index from 1 to 4, e.g. eA denotes either e1
or e2.
We define ψ to be a tangential tensorfield if ψ is a priori a tensorfield defined on the
space-time M and all the possible contractions of ψ with either L̂ or L̂ are zeros. We use
Dψ and Dψ to denote the projection to Su,u of usual Lie derivatives LLψ and LLψ. The
space-time metric g induces a Riemannian metric g/ on Su,u and / is the volume form of g/
on Su,u. We use ∇/ and ∇/ to denote the exterior differential and covariant derivative (with
respect to g/) on Su,u.
Using these two optical functions, we can introduce a local coordinate system (u, u, ϑA)
on M . In such a coordinate system, the Lorentzian metric g takes the following form
g = −2Ω2(du⊗ du+ du⊗ du) + g/AB(dϑA − bAdu)⊗ (dϑB − bBdu),
such that L and L can be computed as L = ∂u + b
A∂ϑA and L = ∂u. We can also require
that bA vanishes on some specific null cone.
We recall the null decomposition of the connection coefficients using the null frame
(e1, e2, L̂, L̂) as follows:
χAB = g(∇AL̂, eB), ηA = −1
2
g(∇
L̂
eA, L̂), ω =
1
2
Ωg(∇
L̂
L̂, L̂),
χ
AB
= g(∇AL̂, eB), ηA = −
1
2
g(∇
L̂
eA, L̂), ω =
1
2
Ωg(∇
L̂
L̂, L̂).
They are all tangential tensorfields. We also define the following normalized quantities:
χ′ = Ω−1χ, χ′ = Ω−1χ, ζ =
1
2
(η − η).
The trace of χ and χ are denoted by
trχ = g/ABχAB, trχ = g/
ABχ
AB
.
By definition, we can check directly the following useful identities :
∇/ log Ω = 1
2
(η + η), D log Ω = ω, D log Ω = ω.
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We can also define the null components of the Weyl curvature tensor W:
αAB = W(eA, L̂, eB, L̂), βA =
1
2
W(eA, L̂, L̂, L̂), ρ =
1
4
W(L̂, L̂, L̂, L̂),
αAB = W(eA, L̂, eB, L̂), βA =
1
2
W(eA, L̂, L̂, L̂), σ =
1
4
W(L̂, L̂, eA, eB)/
AB.
2.2. Equations. Before we write down the equations we will use, we first define several
kinds of contraction of the tangential tensorfields. For a symmetric tangential 2-tensorfield
θ, we use θ̂ and trθ to denote the trace-free part and trace of θ (with respect to g/). If θ
is trace-free, D̂θ and D̂θ refer to the trace-free part of Dθ and Dθ. Let ξ be a tangential
1-form. We define some products and operators for later use. For the products, we define
(θ1, θ2) = g/
ACg/BD(θ1)AB(θ2)CD, (ξ1, ξ2) = g/
AB(ξ1)A(ξ2)B.
This also leads to the following norms
|θ|2 = (θ, θ), |ξ|2 = (ξ, ξ).
We then define the contractions
(θ · ξ)A = θABξB, (θ1 · θ2)AB = (θ1)AC(θ2)CB,
θ1 ∧ θ2 = /ACg/BD(θ1)AB(θ2)CD, ξ1⊗̂ξ2 = ξ1 ⊗ ξ2 + ξ2 ⊗ ξ1 − (ξ1, ξ2)g/.
The Hodge dual for ξ is defined by ∗ξA = /A
CξC . For the operators, we define
div/ ξ = ∇/ AξA, curl/ ξA = /AB∇/ AξB, (div/ θ)A = ∇/ BθAB.
We finally define a traceless operator
(∇/ ⊗̂ξ)AB = (∇/ ξ)AB + (∇/ ξ)BA − div/ ξ g/AB.
The followings are the null structure equations (where K is the Gauss curvature of Su,u):
1
D(Ωtrχ) = −1
2
(Ωtrχ)2 + 2ωΩtrχ− |Ωχ̂|2 − 2(Lφ)2,
Dtrχ′ = −1
2
(Ωtrχ′)2 − |χ̂|2 − 2(L̂φ)2,
D̂(Ωχ̂) = Ω2(∇/ ⊗̂η + η⊗̂η + 1
2
trχχ̂− 1
2
trχχ̂+∇/ φ⊗̂∇/ φ),
D̂(Ωχ̂) = Ω2(∇/ ⊗̂η + η⊗̂η + 1
2
trχχ̂− 1
2
trχχ̂+∇/ φ⊗̂∇/ φ),
D(Ωtrχ) = Ω2(2div/ η + 2|η|2 − trχtrχ− 2K + 2|∇/ φ|2),
D(Ωtrχ) = Ω2(2div/ η + 2|η|2 − trχtrχ− 2K + 2|∇/ φ|2),
Dη = (Ωχ) · η − (Ωβ + Lφ∇/ φ),
Dη = (Ωχ) · η + (Ωβ − Lφ∇/ φ),
Dω = Ω2(2(η, η)− |η|2 − (ρ+ 1
6
R + L̂φL̂φ)),
1See Chapter 1 of [9] for the derivation of these equations in the vacuum case.
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Dω = Ω2(2(η, η)− |η|2 − (ρ+ 1
6
R + L̂φL̂φ)),
K = −1
4
trχtrχ+
1
2
(χ̂, χ̂)− (ρ+ 1
6
R) + |∇/ φ|2,
div/ (Ωχ̂) =
1
2
Ω2∇/ trχ′ + Ωχ̂ · η + 1
2
Ωtrχη − (Ωβ − Lφ∇/ φ),
div/ (Ωχ̂) =
1
2
Ω2∇/ trχ′ + Ωχ̂ · η + 1
2
Ωtrχη + (Ωβ + Lφ∇/ φ).
Recall the Einstein-scalar field system reads{
Rαβ = 2∂αφ∂βφ,
gαβ∇α∇βφ = 0
.
Consequently, the spacetime scalar curvature R = 2∂αφ∂αφ. The contracted second
Bianchi identity will accordingly be the following inhomogeneous equation:
∇αWαβγδ = ∇[γRδ]β +
1
6
gβ[γ∇δ]R.
This equation can be decomposed using the null frame (e1, e2, e3, e4) into components,
which we call null Bianchi equations:1
D̂α− 1
2
Ωtrχα+ 2ωα+ Ω{−∇/ ⊗̂β − (4η + ζ)⊗̂β + 3χ̂(ρ+ 1
6
R) + 3∗χ̂σ}
=− Ω
(
∇/ L̂φ⊗̂∇/ φ−∇/ ⊗̂∇/ φL̂φ
−1
2
trχ∇/ φ⊗̂∇/ φ− χ̂ · ∇/ φ⊗̂∇/ φ+ 3
2
χ̂L̂φL̂φ− χ̂|∇/ φ|2 + 1
2
χ̂(L̂φ)2 + ζ⊗̂∇/ φL̂φ
)
,
Dβ +
3
2
Ωtrχβ − Ωχ̂ · β − ωβ − Ω{div/ α+ (η + 2ζ) · α}
=Ω
(
∇/ φL̂L̂φ− L̂φ∇/ L̂φ+ 1
2
trχ∇/ φL̂φ+ χ̂ · ∇/ φL̂φ− Ω−1ωL̂φ∇/ φ− (L̂φ)2ζ
)
,
Dβ +
1
2
Ωtrχβ − Ωχ̂ · β + ωβ − Ω{∇/ (ρ+ 1
6
R) + ∗∇/ σ + 3η(ρ+ 1
6
R) + 3∗ησ + 2χ̂ · β}
=− Ω
(
∇/ φ∆/ φ−∇/ L̂φL̂φ− 1
2
trχL̂φ∇/ φ+ χ̂ · ∇/ φL̂φ− (η − ζ)L̂φL̂φ+ η|∇/ φ|2
)
,
D(ρ+
1
6
R) +
3
2
Ωtrχ(ρ+
1
6
R)− Ω{div/ β + (2η + ζ, β)− 1
2
(χ̂, α)}
=− Ω
(
L̂φ∆φ−∇/ L̂φ · ∇/ φ+ χ̂ · ∇/ φ · ∇/ φ− 1
2
trχ(L̂φ)2 − ζ · ∇/ φL̂φ
)
,
Dσ +
3
2
Ωtrχσ + Ω{curl/ β + (2η + ζ, ∗β)− 1
2
χ̂ ∧ α}
1See Proposition 1.2 of [9] in the vacuum case.
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=− Ω
(
∇/ L̂φ ∧∇/ φ− χ̂ · ∇/ φ ∧∇/ φ+ ζ ∧∇/ φL̂φ
)
,
Dβ +
1
2
Ωtrχβ − Ωχ̂ · β + ωβ + Ω{∇/ (ρ+ 1
6
R)− ∗∇/ σ + 3η(ρ+ 1
6
R)− 3∗ησ − 2χ̂ · β}
=Ω
(
∇/ φ∆/ φ−∇/ L̂φL̂φ− 1
2
trχL̂φ∇/ φ+ χ̂ · ∇/ φL̂φ− (η + ζ)L̂φL̂φ+ η|∇/ φ|2
)
,
D(ρ+
1
6
R) +
3
2
Ωtrχ(ρ+
1
6
R) + Ω{div/ β + (2η − ζ, β) + 1
2
(χ̂, α)}
=− Ω
(
L̂φ∆φ−∇/ L̂φ · ∇/ φ+ χ̂ · ∇/ φ · ∇/ φ− 1
2
trχ(L̂φ)2 + ζ · ∇/ φL̂φ
)
,
Dσ +
3
2
Ωtrχσ + Ω{curl/ β + (2η − ζ, ∗β) + 1
2
χ̂ ∧ α}
=Ω
(
∇/ L̂φ ∧∇/ φ− χ̂ · ∇/ φ ∧∇/ φ− ζ ∧∇/ φL̂φ
)
,
Dβ +
3
2
Ωtrχβ − Ωχ̂ · β − ωβ + Ω{div/ α+ (η − 2ζ) · α}
=− Ω
(
∇/ φL̂L̂φ− L̂φ∇/ L̂φ+ 1
2
trχ∇/ φL̂φ+ χ̂ · ∇/ φL̂φ− Ω−1ωL̂φ∇/ φ+ (L̂φ)2ζ
)
,
D̂α− 1
2
Ωtrχα+ 2ωα+ Ω{∇/ ⊗̂β + (4η − ζ)⊗̂β + 3χ̂(ρ+ 1
6
R)− 3∗χ̂σ}
=− Ω
(
∇/ L̂φ⊗̂∇/ φ−∇/ ⊗̂∇/ φL̂φ
−1
2
trχ∇/ φ⊗̂∇/ φ− χ̂ · ∇/ φ⊗̂∇/ φ+ 3
2
χ̂L̂φL̂φ− χ̂|∇/ φ|2 + 1
2
χ̂(L̂φ)2 − ζ⊗̂∇/ φL̂φ
)
.
As mentioned in the Introduction, we consider instead the following renormalized null
Bianchi equations:
DK + ΩtrχK + div/ (Ωβ − Lφ∇/ φ)
− Ωχ̂ · ∇/ η + 1
2
Ωtrχdiv/ η + (Ωβ − Lφ∇/ φ) · η − Ωχ̂ · η · η + 1
2
Ωtrχ|η|2 = 0
Dσˇ +
3
2
Ωtrχσˇ + curl/ (Ωβ − Lφ∇/ φ) + 1
2
Ωχ̂ ∧ (η⊗̂η +∇/ ⊗̂η)
+ η ∧ (Ωβ − Lφ∇/ φ) + 2∇/ Lφ ∧∇/ φ = 0
D(Ωβ − Lφ∇/ φ) + 1
2
Ωtrχ(Ωβ − Lφ∇/ φ)− Ωχ̂ · (Ωβ − Lφ∇/ φ) + Ω2∇/ K − Ω2∗∇/ σˇ
+ 3Ω2(ηK − ∗ησˇ)− 1
2
Ω2(∇/ (χ̂, χ̂) + ∗∇/ (χ̂ ∧ χ̂))− 3
2
Ω2(η(χ̂, χ̂) + ∗η(χ̂ ∧ χ̂))
+
1
4
Ω2∇/ (trχtrχ) + 3
4
Ω2trχtrχη − 2Ωχ̂ · (Ωβ + Lφ∇/ φ)
=− 2Ω2∆/ φ∇/ φ+ Ω2∇/ |∇/ φ|2 − 2Ωχ̂ · ∇/ φLφ+ ΩtrχLφ∇/ φ
30 JUNBIN LI AND JUE LIU
− 2Ω2η · ∇/ φ∇/ φ+ 2Ω2η|∇/ φ|2,
D(K − 1|u|2 ) +
3
2
Ωtrχ(K − 1|u|2 ) + (Ωtrχ+
2
|u|)
1
|u|2
=div/ (Ωβ + Lφ∇/ φ) + Ωχ̂ · ∇/ η + 1
2
Ωtrχµ
+ (Ωβ + Lφ∇/ φ) · η + Ωχ̂ · η · η − 1
2
Ωtrχ|η|2,
Dσˇ +
3
2
Ωtrχσˇ + curl/ (Ωβ + Lφ∇/ φ)
− 1
2
Ωχ̂ ∧ (η⊗̂η +∇/ ⊗̂η) + η ∧ (Ωβ + Lφ∇/ φ)− 2∇/ Lφ ∧∇/ φ = 0
D(Ωβ + Lφ∇/ φ) + 1
2
Ωtrχ(Ωβ + Lφ∇/ φ)− Ωχ̂ · (Ωβ + Lφ∇/ φ)− Ω2∇/ K − Ω2∗∇/ σˇ
− 3Ω2(ηK + ∗ησˇ) + 1
2
Ω2(∇/ (χ̂, χ̂)− ∗∇/ (χ̂ ∧ χ̂)) + 3
2
Ω2(η(χ̂, χ̂) + ∗η(χ̂ ∧ χ̂))
− 1
4
Ω2∇/ (trχtrχ)− 3
4
Ω2trχtrχη − 2Ωχ̂ · (Ωβ − Lφ∇/ φ)
=2Ω2∆/ φ∇/ φ− Ω2∇/ |∇/ φ|2 + 2Ωχ̂ · ∇/ φLφ− ΩtrχLφ∇/ φ
+ 2Ω2η · ∇/ φ∇/ φ− 2Ω2η|∇/ φ|2.
In the equation for D(K − 1|u|2 ) above, µ is defined through
div/ η = K − 1|u|2 − µ.
We also rewrite the wave equation gαβ∇α∇βφ = 0 in the following form:
DLφ+
1
2
ΩtrχLφ = Ω2∆/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ,
DLφ+
1
2
ΩtrχLφ = Ω2∆/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ.
Finally, the following elliptic-transport coupled systems are also needed:

div/ η = K − 1|u|2 − µ,
curl/ η = σ − 1
2
χ̂ ∧ χ̂,
Dµ+ Ωtrχµ = −Ωtrχ 1|u|2 + div/ (2Ωχ̂ · η − Ωtrχη) + 2∇/ Lφ · ∇/ φ+ 2Lφ∆/ φ
;
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div/ η = K − 1|u|2 − µ,
curl/ η = −σ + 1
2
χ̂ ∧ χ̂,
Dµ+ Ωtrχµ = −(Ωtrχ+ 2|u|)
1
|u|2 + div/ (2Ωχ̂ · η − Ωtrχη) + 2∇/ Lφ · ∇/ φ+ 2Lφ∆/ φ
;

∆/ ω = ω/ + div/ (Ωβ + Lφ∇/ φ),
Dω/ +Ωtrχω/ + 2Ωχ̂ · ∇/ ∇/ ω + 2div/ (Ωχ̂) · ∇/ ω − 1
2
div/ (Ωtrχ(Ωβ + Lφ∇/ φ))
+∇/ (Ω2) · (∇/ (ρ+ 1
6
R) + ∗∇/ σ) + ∆/ (Ω2)(ρ+ 1
6
R)−∆/ (Ω2(2η · η − |η|2))
−div/ (Ωχ̂ · (Ωβ + Lφ∇/ φ)− 2Ωχ̂ · (Ωβ − Lφ∇/ φ) + 3Ω2η(ρ+ 1
6
R)− 3Ω2∗ησ)
= −div/ {2Ω2∇/ φ∆/ φ+ Lφ∇/ Lφ+ Lφ∇/ Lφ− ΩtrχLφ∇/ φ
+2Ωχ̂ · ∇/ φLφ+ 2Ω2η · ∇/ φ∇/ φ+ Ω2η|∇/ φ|2)}
.
Remark 2.1. The elliptic-transport system for ω is not needed because we renormalize
the equations such that ω does not appear. However, the system for ω is needed because
it is crucial in estimating the top order derivatives of Ωtrχ.
Before the end of this section, we list the commutation formulas which are used for the
estimates of derivatives1.
Lemma 2.1. Given integer i and tangential tensorfield φ. we have
[D,∇/ i]φ =
i∑
j=1
∇/ j(Ωχ) · ∇/ i−jφ,
[D,∇/ i]φ =
i∑
j=1
∇/ j(Ωχ) · ∇/ i−jφ,
and
[D,∇/ i]φ =
i∑
j=1
∇/ j−1K · ∇/ i−jφ,
[∗D,∇/ i]φ =
i∑
j=1
∇/ j−1K · ∇/ i−jφ.
Here we use “·” to represent an arbitrary contraction with the coefficients by g/ or /. In
addition, if φ is a function, then when i = 1, all commutators above are zero; when i ≥ 2,
all i’s are replaced by i− 1’s in above formulas.
1See Chapter 4 of [9] for the first group. The second group can be derived directly by the definition of
curvature.
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3. Statement of the existence theorem
3.1. Formulation of the problem. We formula the problem we are going to consider
again. We consider a double characteristic initial value problem of the Einstein-scalar field
equations, where the initial data is given on two null cone, Cu0 which is outgoing, and C0
which is incoming, intersecting on a sphere S0,u0 . The data on C0 is spherically symmetric.
The restriction of the optical function u on C0 is chosen such that the level sets of u on
C0 are the spherical sections of the symmetry, and in addition u = −r where r is the area
radius of the corresponding section.
The data on C0 then consists of φ up to a constant (or Lφ) and Ω, where φ is the scalar
field and L = −∂u on C0 (χ̂ vanishes because of spherical symmetry). Now denote
ψ = ψ(u) = |u|Lφ
∣∣∣
C0
, h = h(u) =
|u|trχ′
2
∣∣∣
C0
, Ω0 = Ω0(u) = Ω
∣∣∣
C0
.
We require that these three functions are smooth for u ∈ [u0, 0) and 0 < h ≤ 1. In
fact, from the Raychaudhuri equation along C0, and Ωtrχ = − 2|u| which follows by setting
u = −r, Ω0 is determined by ψ through
D log Ω0 =
(
ω
∣∣∣
C0
=
)
− 1
2
ψ2
|u| , (3.1)
and from the null structure equation for D(Ωtrχ), h is determined by Ω0 through
D(Ω20h) =
1
|u|Ω
2
0(h− 1). (3.2)
The function Ω0 will play a very important role in the whole paper. It has two important
properties stated in Lemma 1.1 which will be used frequently: Ω0 is monotonically
decreasing, and if the vertex of C0 is singular, then Ω0 → 0 as u→ 0−.
3.2. Norms. We first introduce the following scale invariant norms relative to the double
null foliation (for 2 ≤ p ≤ ∞ and q = 1, 2):
‖ξ‖Lp(u,u) =
(∫
Su,u
|u|−2|ξ|pdµg/
) 1
p
,
‖ξ‖Hn(u,u) =
n∑
i=0
‖(|u|∇/ )iξ‖L2(u,u),
‖ξ‖Lq
[u1,u2]
Hn(u) =
(∫ u2
u1
|u|−1‖ξ‖qHn(u,u′)du′
) 1
q
,
‖ξ‖LquHn(u) =
(∫ δ
0
δ−1‖ξ‖qHn(u′,u)du′
) 1
q
.
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In addition, we define
‖ξ‖L∞u Lq[u1,u2]Hn = supu′∈[0,δ]
(∫ u2
u1
|u|−1‖ξ‖qHn(u′,u′)du′
) 1
q
,
‖ξ‖L∞
[u1,u2]
LquHn = sup
u′∈[u1,u2]
(∫ δ
0
‖ξ‖qHn(u′,u′)du′
) 1
q
.
We are going to define the norms of various geometric quantities which will be used in
the proof of the existence theorem. Set a function
F = F (δ, u0, u1) ≥ 1,
for some δ > 0 and u1 ∈ (u0, 0) and define
E = E (δ, u0, u1) := max
{
1,F−1A−1‖|u0|(|u0|∇/ )Lφ‖L2
[0,δ]
H4(u0)
∣∣∣∣log |u1||u0|
∣∣∣∣ 12
}
≥ 1,
W = W (u0, u1) := max
{
1,
∣∣∣∣log Ω0(u1)Ω0(u0)
∣∣∣∣} ≥ 1
where
A = A(δ, u0, u1)
is the bound of the initial data which will be defined precisely in the statement of Theorem
3.1. Now we define
O(u, u;u0, u1)
=
[
δ−1|u|2Ω20F−2
∥∥∥∥trχ′ − 2h|u|
∥∥∥∥
H4(u,u)
] 1
2
+ δ−1|u|2F−1
∥∥∥∥Ωtrχ+ 2|u| ,Ωχ̂
∥∥∥∥
H4(u,u)
+ |u|F−1
(
‖Ωχ̂‖H4(u,u) +W −
1
2 ‖ω‖H4(u,u)
)
+ δ−1|u|2F−1E −1
(
‖η‖H4(u,u) +W −
1
2 ‖η‖H4(u,u)
)
.
E(u, u;u0, u1) =
[
δ−1F−1|u| 14 ‖|u| 34 (|u|Lφ− ψ)‖L2
[u0,u1]
H4(u)
+F−1‖|u|Lφ− ϕ‖H4(u,u)
+δ−1|u|2F−1E −1‖∇/ φ‖H4(u,u)
]
.
O˜(u, u;u0;u1) =[
δ−1|u|2Ω20F−2E −1‖(|u|∇/ )trχ′‖H4(u,u)
] 1
2
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+ δ−1|u|2F−1E −1W − 12 ‖(|u|∇/ )(Ωtrχ)‖H4(u,u)
+ |u|F−1E −1‖Ωχ̂‖L2uH5(u)
+ δ−
1
2 |u| 32Ω0F−1E −1W − 12 ‖η‖L2uH5(u)
+ δ−
1
2 |u| 32Ω0F−1E −1‖η‖L2uH5(u)
+ δ−
1
2F−1E −1‖Ω0|u| 32 η‖L2
[u0,u]
H5(u)
+ δ−1|u| 12Ω0F−1E −1W − 12 ‖Ω−10 |u|
3
2 (Ωχ̂)‖L2
[u0,u]
H5(u)},
E˜(u;u0;u1)
=F−1E −1
(
‖|u|(|u|∇/ )Lφ‖L2uH4(u) + δ−
1
2 ‖|u| 32Ω0(|u|∇/ )∇/ φ‖L∞u L2[u0,u]H4
)
+ Ω0δ
− 1
2F−1E −1
(
‖|u| 32 (|u|∇/ )∇/ φ‖L2uH4(u) + δ−
1
2 ‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4(δ)
)
,
R(u;u0;u1)
=F−1E −1
‖|u|2(Ωβ − Lφ∇/ φ)‖L2uH4(u) + δ− 12 ∥∥∥∥|u| 52Ω0(K − 1|u|2 , σˇ)
∥∥∥∥
L∞u L2[u0,u]H
4

+
[
Ω0δ
−1F−
3
2E −1
×
(
‖|u|3(K − 1|u|2 , σˇ)‖L2uH4(u) + δ
− 1
2 ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖L∞u L2[u0,u]H4
)] 2
3
.
Remark 3.1. Some remarks should be made about these norms. First, in the definitions
above, Ω0 appearing outside the norm symbol “‖ ·‖” means its value at u, i.e., Ω0 = Ω0(u).
In the rest of the paper, Ω0 outside “‖ · ‖” should be understood in the same
way. On the other hand, if Ω0 or Ω
−1
0 appears inside the norm ‖ · ‖L2[u0,u], then it
is a factor of the integrand. All factors inside the norm ‖ · ‖L2
[u0,u]
cannot be taken out
directly. Second, the norm
‖(|u|∇/ )(Ωtrχ)‖H4(u,u)
is a norm about up to the 5th order derivatives of Ωtrχ except itself. For some of the
geometric quantities, the derivatives obey better estimates as compared to the quantities
themselves.
Finally, we define
O = O(u0, u1) = sup
0≤u≤δ
u0≤u≤u1
O(u, u;u0, u1),
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E = E(u0, u1) = sup
0≤u≤δ
u0≤u≤u1
E(u, u;u0, u1),
O˜ = O˜(u0, u1) = sup
0≤u≤δ
u0≤u≤u1
O˜(u, u;u0, u1),
E˜ = E˜(u0, u1) = sup
u0≤u≤u1
E˜(u;u0, u1),
R = R(u0, u1) = sup
u0≤u≤u1
R(u;u0, u1).
Theorem 3.1 (Existence Theorem). There exists a universal constant C0 ≥ 1 such that
the following statement is true. Let C ≥ C0, δ > 0, u0 and u1 be four numbers such that
u0 < u1 < 0. Suppose that the smooth initial data given on Cu0
⋃
C0 is as described above.
The data on C0 is spherically symmetric and Ω0(u0) ≤ 1 and the data on Cu0 satisfies
A := max
{
1, sup
u0≤u≤u1
(
F−1|ϕ(u)|) ,
F−1|u0| sup
0≤u≤δ
(‖Ωχ̂‖H7(u,u0) + ‖ω‖H5(u,u0) + ‖Lφ‖H5(u,u0))
}
< +∞.
(3.3)
Then if the following smallness conditions hold:
Ω20(u0)δ|u1|−1E 2W ≤ 1,
C2δ|u1|−1FW A ≤ 1,
(3.4)
and the following auxiliary condition holds:
Ω20(u0)Ω
−2
0 (u1)δ|u1|−1FA ≤ 1. (3.5)
Then the smooth solution of the Einstein-scalar field equations exists in the region 0 ≤
u ≤ δ, u0 ≤ u ≤ u1, and the following estimates hold:
O, E , O˜, E˜ ,R . A.
Remark 3.2. Here and in the rest of the paper, the notation A . B refers to
A ≤ cB where c is some universal constant.
Remark 3.3. Using the argument in Chapter 2 of [9], under the assumptions of Theorem
3.1, we can obtain the initial bound
sup
0≤u≤δ
(O(u, u0;u0, u1) + E(u, u0;u0, u1) + O˜(u, u0;u0, u1))
+ E˜(u0;u0, u1) +R(u0;u0, u1) . A(δ, u0, u1).
We will omit the proof of this. This is however the bound we actually use in the proof of
Theorem 3.1.
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4. Proof of the existence theorem — Theorem 3.1
4.1. Bootstrap assumptions. As in [9], the main step to prove the existence is to es-
tablish a priori estimates. Once we have the a priori estimates, the construction of the
solution in double null foliation then follows using a bootstrap argument. We should re-
mark that although we are dealing with the Einstein-scalar field equations but not the
vacuum Einstein equations, the argument in [9] can also be modified in the current case.
We begin the proof of the a priori estimates by assuming the smooth solution exists
for 0 ≤ u ≤ δ, u0 ≤ u ≤ u1 and it holds for some C ≥ C0 the following bootstrap
assumptions:
O, E , O˜, E˜ ,R . C 14A. (4.1)
Then it suffices to prove that under this bootstrap assumptions (4.1), the smallness condi-
tions (3.4) and the auxiliary condition (3.5), it holds
O, E , O˜, E˜ ,R . A.
If C0 is sufficiently large, then this is an improvement over the bootstrap assumptions (4.1).
We will prove this in the rest of this section.
4.2. Preliminary lemmas. We start by proving some geometric lemmas which will be
frequently used in the course of the proof. First of all, we assume∣∣∣∣Ωtrχ− 2Ω2h|u|
∣∣∣∣ . C 34 δ|u|−2F 2A2, |Ωχ̂| . C 12 |u|−1FA, 14Ω0 ≤ Ω ≤ 4Ω0. (4.2)
Let Λ(u;u) and λ(u;u) be the larger and smaller eigenvalues of the metric g/|Su,u with
respect to g/|S0,u , which is the standard metric on the sphere with radius |u|. Define
µ(u;u) =
√
λ(u;u)Λ(u;u), ν(u;u) =
√
Λ(u;u)
λ(u;u)
.
From the proof of Lemma 5.3 in [9], we have
µ(u;u) = exp
(∫ u
0
Ωtrχ(u′, u)du′
)
, ν(u;u) ≤ exp
(
2
∫ u
0
|Ωχ̂(u′, u)|du′
)
.
From (4.2) and the smallness conditions (3.4), we have
|Ωtrχ| . |u|−1 + C−1|u|−1FA . |u|−1FA. (4.3)
Therefore, we have, using (4.2) and (3.4) again,
|µ(u;u)− 1| . δ|u|−1FA . C−1, 1 ≤ ν(u;u) . C 12 |u|−1FA . C−1,
which implies
1− cC−10 ≤ λ(u;u) ≤ Λ(u;u) ≤ 1 + cC−10 . (4.4)
By a similar argument of the proof of Lemma 5.4 in [9], we have
I(u, u) ≤ (1 + cC−10 )I(0, u) ≤
1
2pi
(1 + cC−10 ) . 1 (4.5)
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where I(u, u) is the isoperimetric constant of the sphere (Su,u, g/) and C0 is sufficiently
large. Also from (4.4), we have
1− cC−10 ≤
Area(Su,u)
Area(S0,u)
≤ 1 + cC−10 ,
which implies if C0 is sufficiently large,
1
2
|u|2 ≤ 1
4pi
Area(Su,u) ≤ 2|u|2. (4.6)
Now by Lemma 5.1 in [9], the Sobolev inequalities, we have the following form of the
Sobolev inequalities:
Lemma 4.1. Given a tangential tensorfield θ, we have for q ∈ (2,+∞),
‖θ‖Lq(u,u) .q ‖θ‖H1(u,u),
‖θ‖L∞(u,u) . ‖(|u|∇/ )θ‖L4(u,u) + ‖θ‖L4(u,u) . ‖θ‖H2(u,u).
Here A .q B means A ≤ cqB where cq is a constant depending only on q.
By the classical Ho¨lder inequality and the Sobolev inequalities, we have
Lemma 4.2. Given tangential tensorfields θ1, · · · , θn, for i ≥ 2, we have
‖θ1 · · · θn‖Hi(u,u) .n ‖θ1‖Hi(u,u) · · · ‖θn‖Hi(u,u).
We then introduce the following Gronwall type estimates which are need to estimate
using the transport equations:
Lemma 4.3. For an s-covariant tengential tensorfield θ, and any real number ν, we have
‖θ‖L2(u,u) .s
(
‖θ|L2(0,u) + δ‖Dθ‖L1uL2(u)
)
.
‖|u|s+νθ‖Lq(u,u) .s,ν
(
‖|u|s+νθ‖Lq(u,u0) + ‖|u|s+ν+1(Dθ +
ν
2
Ωtrχθ)‖L1
[u0,u]
L2(u)
)
,
Proof. The first inequality is similar to those in Lemma 4.4 and 4.6 in [9]. Using the
argument in [9], the first inequality holds if for any u′, u ∈ [0, δ],∫ u
u′
Ωtrχdu′′,
∫ u
u′
|Ωχ̂|du′′ . 1.
This is true because both of them are bounded by,∫ δ
0
C
1
2 |u|−1FAdu′ . C 12 δ|u|−1FA . C−1,
where we use (4.2) and the smallness conditions (3.4).
The second inequality is similar to those in Lemma 4.5 and 4.7 in [9]. It holds if for any
u′, u ∈ [u0, u1], ∫ u
u′
(
Ωtrχ+
2
|u|
)
du′′,
∫ u
u′
|Ωχ̂|du′′ . 1.
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This is true because, from the Sobolev ienqualities, Lemma 4.1,∣∣∣∣Ωtrχ+ 2|u|
∣∣∣∣ , |Ωχ̂| . C 14 δ|u|−2FA,
and then both of the above integrals are bounded by∫ u
u′
C
1
4 δ|u|−2FAdu′′ . C 14 δ|u|−1FA . C−1.
In addition, we have the Gronwall type estimates for the augular derivatives.
Lemma 4.4. For an s-covariant tengential tensorfield θ, and any real number ν, we have,
for n ≤ 4 (if s = 0, then n ≤ 5)
‖θ‖Hn(u,u) .s‖θ‖Hn(0,u) + δ‖Dθ‖L1uHn(u).
‖|u|s+νθ‖Hn(u,u) .s,ν
(
‖|u|s+νθ‖Hn(u,u0) + ‖|u|s+ν+1(Dθ +
ν
2
Ωtrχθ)‖L1
[u0,u]
Hn(u)
)
,
Proof. For the first inequality, we apply the above Gronwall estimate, Lemma 4.3 to the
following equation:
D∇/ iθ = ∇/ iDθ + [D,∇/ i]θ = ∇/ iDθ +
i∑
j=1
∇/ j(Ωχ)∇/ i−jθ.
By Ho¨lder inequality and Sobolev inequalies,
‖θ‖Hn(u,u) . ‖θ‖Hn(0,u) + δ‖Dθ‖L1uHn(u) + δ‖Ωχ‖L∞u Hn(u)‖θ‖L∞u Hn(u),
where we have used the following Ho¨lder type inequality:
‖ · ‖L1u . ‖ · ‖L2u . ‖ · ‖L∞u . (4.7)
By (4.3), the bootstrap assumptions (4.1) on Ωχ̂ and the smallness conditions (3.4), we
have, for n ≤ 4,
‖θ‖Hn(u,u) .‖θ‖Hn(0,u) + δ‖Dθ‖L1uHn(u) + C
1
4 δ|u|−1FA‖θ‖L∞u Hn(u)
.‖θ‖Hn(0,u) + δ‖Dθ‖L1uHn(u) + C−1‖θ‖L∞u Hn(u),
Then if C0 is sufficiently large, the last term on the right hand side can be absorbed by
the left hand side after taking supremum on u. We then obtain the desired inequality. If
s = 0, that is, when θ is a function, then D∇/ θ = ∇/ Dθ. Therefore [D,∇/ 5]θ contains only
four derivatives of Ωχ.
The second inequality can be obtained similarly.
We then introduce an estimate for Ω and its derivatives:
INSTABILITY OF SPHERICAL NAKED SINGULARITIES 39
Lemma 4.5.
1
2
Ω0 ≤ Ω ≤ 2Ω0, (4.8)
and
‖Ωs‖H4(u,u) .s Ωs0.
Moreover, we have
‖Ωs − Ωs0‖H4(u,u) .s C
1
4Ωs0δ|u|−1FW
1
2A. (4.9)
Proof. Since D log Ω = ω, we then write D(log Ω− log Ω0) = ω. Applying Lemma 4.3,
‖ log Ω− log Ω0‖H4(u,u) . δ‖ω‖L1uH4(u) . C
1
4 δ|u|−1FW 12A . C−1.
In particular, if C0 is sufficiently large, we have, by the Sobolev inequalities,∣∣∣∣log ΩΩ0
∣∣∣∣ ≤ log 2
which implies the first desired inequality. For the second, if s 6= 0, then
‖Ωs‖H4(u,u) .s ‖Ωs‖L∞(u,u)(1 + ‖ log Ω− log Ω0‖4H4(u,u)) . Ωs0.
The last estimate (4.9) follows similarly from the equation DΩs = sΩsω and the bootstrap
assumptions (4.1).
This lemma implies that for a tangential tensorfield θ,
‖Ωsθ‖Hn(u,u) . Ωs0‖θ‖Hn(u,u) (4.10)
for n ≤ 4. This inequality says that we do not need to worry about the appearance of Ω if
we take less than four derivatives.
This lemma also improves the bound for Ω in (4.2). The bounds for Ωtrχ and Ωχ̂ can also
be improved by using the bootstrap assumptions (4.1) on O and the Sobolev inequalities,
Lemma 4.1. The constants C
3
4 , C
1
2 in (4.2) can be improved to C
1
2 , C
1
4 respectively if
C0 is sufficiently large. This implies that all conclusions in this subsection hold without
assuming (4.2).
Finally, we introduce the elliptic estimates.
Lemma 4.6. Suppose that
‖K‖H2(u,u) . |u|−2.
Now assume that θ is a tangential symmetric trace-free (0, 2) type tensorfield with
div/ θ = f,
where f is a tangential one-form. Then
‖θ‖H5(u,u) . ‖|u|f‖H4(u,u) + (1 + ‖|u|2K‖H3(u,u))‖θ‖H2(u,u).
Assume that ξ is a tangential (0, 1) type tensorfield with
div/ ξ = f, curl/ ξ = g
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where f, g are functions. Then
‖ξ‖H5(u,u) . ‖|u|(f, g)‖H4(u,u) + (1 + ‖|u|2K‖H3(u,u))‖ξ‖H4(u,u).
Assume that φ is a function with
∆/ φ = f.
We have
‖(|u|∇/ )φ‖H4(u,u) . ‖|u|2f‖H3(u,u).
Proof. The first and second conclusions are obtained by repeatedly use the argument of
Section 7.3 in [9]. For the last conclusion, we apply the second conclusion for the one form
∇/ φ for up to the fourth order derivatives. Therefore ‖K‖H3(u,u) does not come in and
‖(|u|∇/ )φ‖H4(u,u) . ‖|u|2f‖H3(u,u) + ‖(|u|∇/ )φ‖L2(u,u)
Integration by parts gives ∫
Su,u
|∇/ φ|2dµg/ .
∫
Su,u
|f |2dµg/.
These two inequalities give the desired conclusion.
We end this section by the following estimates for Ωtrχ, Ωtrχ and Lφ. The zeroth order
bounds of these quantities are worse than their derivatives.
Lemma 4.7. Under the assumptions of the Theorem 3.1 and the bootstrap assumptions
(4.1), we have
|u|‖Ωtrχ‖H4(u,u) . FA, |u|‖Ωtrχ‖H4(u,u) . 1, ‖|u|Lφ‖L2
[u0,u]
H4(u) . W
1
2 .
Proof. From the bootstrap assumptions (4.1) and the smallness conditions (3.4):
|u|‖Ωtrχ‖H4(u,u) .|u|‖Ω20trχ′‖H4(u,u) . 1 + C
1
2 δ|u|−1F 2A2 . (1 + C−1)FA . FA,
(4.11)
|u|‖Ωtrχ‖H4(u,u) .1 + C
1
4 δ|u|−1FA . (1 + C−1) . 1, (4.12)
‖|u|Lφ‖L2
[u0,u]
H4(u) .
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
+ |u|− 14 ‖|u| 34 (|u|Lφ− ψ)‖L2
[u0,u]
H4(u)
.
∣∣∣∣log Ω0(u1)Ω0(u0)
∣∣∣∣ 12 + C 14 δ|u|−1FA . W 12 .
(4.13)
We have finished stating and proving the preliminary lemmas and begin to estimate
the scalar field, the connection coefficients and the curvature components. From now
on, we will frequently use the bootstrap assumptions (4.1) and the smallness
conditions (3.4) and we may not point this out in the text.
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4.3. Estimates for E. We first estimate the lower order derivatives of the derivative of
the wave function φ.
Proposition 4.1. Under the assumptions of Theorem 3.1 and the bootstrap assumptions
(4.1), we have
E . A+ E˜ .
Proof. Estimate for Lφ: The estimate for Lφ makes use of the following equation, which
is rewritten in terms of Lφ− ϕ/|u|:
D(Lφ− ϕ/|u|) + 1
2
Ωtrχ(Lφ− ϕ/|u|) = Ω2∆/ φ+ 2Ω2(η,∇/ φ)
− 1
2
(Ωtrχ+
2
|u|)
ϕ
|u| −
1
2
Ωtrχ(Lφ− ψ/|u|)− 1
2
(Ωtrχ− 2Ω
2h
|u| )
ψ
|u| − (Ω
2 − Ω20)
hψ
|u|2 ,
(4.14)
To estimate the H4(u, u) norm of Lφ − ϕ/|u|, we need to estimate the right hand side in
‖|u|2 · ‖L1
[u0,u]
H4(u). We estimate them term by term.
The 1st term on the right hand side is estimated by
. Ω0(u0)|u|− 12 ‖Ω0|u| 32 (|u|∇/ )∇/ φ‖L2
[u0,u]
H4(u) . F E˜ ,
where we have used a frequently used the following Ho¨lder type inequality for s > 0:
‖|u|−s · ‖L1
[u0,u]
. ‖|u|−s‖L2
[u0,u]
‖ · ‖L2
[u0,u]
. |u|−s‖ · ‖L2
[u0,u]
. (4.15)
The 2nd term on the right hand side is estimated by
. Ω20(u0)|u|−2‖|u|2η‖L∞[u0,u]H4(u)‖|u|
2∇/ φ‖L∞
[u0,u]
H4(u) . Ω20(u0)C
1
2 δ2|u|−2F 2E 2A2 . C−1FA.
The 3rd term on the right hand side is estimated by
. |u|−1
(
sup
u0≤u′≤u1
|ϕ(u′)|
)∥∥∥∥|u|2(Ωtrχ+ 2|u|
)∥∥∥∥
L∞
[u0,u]
H4(u)
. C 14 δ|u|−1F 2A . C−1FA.
The 4th term on the right hand side is estimated by (using (4.11))
.|u|−1‖|u|Ωtrχ‖L∞
[u0,u]
H4(u)|u|
1
4 ‖|u| 34 (|u|Lφ− ψ)‖L2
[u0,u]
H4(u)
.C 14 δ|u|−1FA ·FA . C−1FA.
The 5th term on the right hand side is estimated by
.|u|−1
∥∥∥∥|u|2Ω20(trχ′ − 2h|u|2
)∥∥∥∥
L∞
[u0,u]
H4(u)
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
.C 12 δ|u|−1F 2
∣∣∣∣log Ω(u1)Ω(u0)
∣∣∣∣ 12 A2 . C−1FA.
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At last, the 6th term on the right hand side is estimated by, using (4.9),
.|u|−1 ∥∥|u|(Ω2 − Ω20)∥∥L∞
[u0,u]
H4(u)
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
.C 14 δ|u|−1F
∣∣∣∣log Ω(u1)Ω(u0)
∣∣∣∣ 12 W 12A . C−1FA.
Summing up the above all estimates gives
‖|u|Lφ− ϕ‖H4(u,u) . ‖|u0|Lφ− ϕ‖H4(u,u0) +F (A+ E˜) . F (A+ E˜).
This also implies
‖|u|Lφ‖H4(u,u) . F (A+ E˜). (4.16)
Remark 4.1. E˜ appears in the above inequality because we have not done anything to
estimate the 1st term on the right hand side but simply use the definition of E˜ . This term
is also a borderline term although it is linear. But we will see from the proof that E˜ can
be controlled without knowing (4.16).
Estimate for ∇/ φ: We use the equation
D∇/ φ = ∇/ Lφ. (4.17)
From this equation, we have
‖∇/ φ‖H4(u,u) . δ‖∇/ Lφ‖L1uH4(u) . δ|u|−2‖|u|(|u|∇/ )Lφ‖L2uH4(u) . δ|u|−2FE E˜ . (4.18)
Estimate for Lφ: To estimate Lφ, we use the equation for DLφ:
D(Lφ− ψ/|u|) + 1
2
ΩtrχLφ = Ω2∆/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ. (4.19)
To estimate |u|Lφ−ψ in L2[u0,u]H4(u), we first estimate the right hand side in δ‖ · ‖L1uH4(u)
and then integrate over [u0, u]. We remark that Lφ cannot be estimated in L∞u because ψ
can only be estimated in L2u. Now the right hand side can be estimated by, with the last
term being estimated using (4.12) and (4.16),
δ‖RHS‖L1uH4(u) . Ω0δ
3
2 |u|− 52FE E˜ + Ω20C
1
2 δ3|u|−4F 2E 2W 12A2 + δ|u|−2F (A+ E˜)
. δ|u|−2F (A+ E˜).
Multiplying the square of the above estimate by |u| 52 and then integrating over [u0, u], we
have (∫ u
u0
|u′| 52 δ‖RHS‖2L1uH4(u′)du
′
) 1
2
. δ|u|− 14F (A+ E˜). (4.20)
Remark 4.2. The last term on the right hand side is again a borderline term, the factor Lφ
in which cannot be estimated using the bootstrap assumptions (4.1). Instead, we should
estimate Lφ by (4.16) which we derived above. From now on, we will point it out
when we are going to use an estimate which is derived previously. Otherwise,
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we will only use the bootstrap assumptions (4.1), or the estimates (4.10), (4.11),
(4.12) and (4.13), or simply use the definitions of E˜, O˜ and R, even if we have
derived the corresponding estimate previously.
The second term on the left hand side of (4.19) can be estimated by
δ‖ΩtrχLφ‖L1uH4(u) .δ‖Ωtrχ‖L∞u H4(u)
( |ψ|
|u| + ‖Lφ− ψ/|u|‖L2uH4(u)
)
.δ|u|−1(2Ω20h+ C
1
2 δ|u|−1F 2A2)
( |ψ|
|u| + ‖Lφ− ψ/|u|‖L2uH4(u)
)
.
Multiply the square of the above estimate by |u| 52 and then integrate over [u0, u], we have(∫ u
u0
|u′| 52 δ2‖ΩtrχLφ‖2L1uH4(u′)du
′
) 1
2
.δ|u|− 14
(∫ u
u0
Ω40|ψ|2
|u′| du
′
) 1
2
+ C
1
2 δ2|u|− 54F 2A2
(∫ u
u0
|ψ|2
|u′| du
′
) 1
2
+ (1 + C−1FA)δ|u|−1‖|u| 34 (|u|Lφ− ψ)‖L∞u L2[u0,u]H4
.δ|u|− 14FA
(4.21)
Combining (4.20) and (4.21), we have
δ−1|u| 14 ‖|u| 34 (|u|Lφ− ψ)‖L2
[u0,u]
H4(u) . FA. (4.22)
The estimates (4.16), (4.18), (4.22) give
E . A+ E˜ .
4.4. Estimates for O. The next proposition is about the estimates for O, which is about
the lower order derivatives of the connection coefficients:
Proposition 4.2. Under the assumptions of Theorem 3.1 and the bootstrap assumptions
(4.1), we have
O . A+ O˜[η, η] + E˜ +R+A− 12R 32 .
Here O˜[η, η] means the norms of η, η in the definition of O˜.
Proof. Estimate for Ωχ̂: We consider the structure equation for D(Ωχ̂):
D̂(Ωχ̂)− 1
2
ΩtrχΩχ̂ = Ω2(∇/ ⊗̂η + η⊗̂η − 1
2
trχχ̂+∇/ φ⊗̂∇/ φ). (4.23)
The right hand side should be estimated in ‖|u|2 · ‖L1
[u0,u]
H4(u). The 1
st, 2nd and 4th term
(denoted by I) on the right hand side can be estimated by
‖|u|2I‖L1
[u0,u]
H4(u) .Ω0(u0)|u|−
1
2 ‖|u| 32Ω0η‖L2
[u0,u]
H5(u) + ‖|u|−2‖L1
[u0,u]
‖|u|2(η,∇/ φ)‖2L∞
[u0,u]
H4(u)
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.Ω0(u0)δ
1
2 |u|− 12FE (A+ O˜[η]) + Ω20(u0)C
1
2 δ2|u|−2F 2E 2A2
.F (A+ O˜[η]).
The 3rd term on the right hand side is estimated by
‖|u|2ΩtrχΩχ̂‖‖L1
[u0,u]
H4(u) . |u|−1FA · C
1
4 δFA . C−1FA.
Therefore we have
|u|‖Ωχ̂‖H4(u,u) . |u0|‖Ωχ̂‖H4(u,u0) +F (A+ O˜[η]) . F (A+ O˜[η]). (4.24)
Estimate for trχ′: We estimate trχ′ by the equation for Dtrχ′ written in form:
D
(
trχ′ − 2h|u|
)
= Ω−2
(
−1
2
(Ω2trχ′)2 − |Ωχ̂|2 − 2(Lφ)2
)
. (4.25)
We then have (using (4.11), (4.16) and (4.24))∥∥∥∥trχ′ − 2h|u|
∥∥∥∥
H4(u,u)
.Ω−20 δ|u|−2F 2(A2 + E˜2 + O˜[η]2). (4.26)
Estimate for η: We write the equation for Dη in the following form:
Dη = (Ωχ) · η − 2Lφ∇/ φ− (Ωβ − Lφ∇/ φ). (4.27)
The first two terms on the right hand side can be estimated in δ‖ · ‖L1uH4(u) by
. δ|u|−1 · C 14FA · C 14 δ|u|−2FEW 12A . C−1δ|u|−2FEA.
The last term on the right hand side can be estimated in δ‖ · ‖L1uH4(u) by
. δ‖Ωβ − Lφ∇/ φ‖L2uH4(u) . δ|u|−2FER.
We have
‖η‖H4(u,u) . δ|u|−2FE (C−1A+R) . δ|u|−2FE (A+R). (4.28)
Estimate for η: We then write the equation for Dη in the following form:
Dη = (Ωχ) · η − 2Lφ∇/ φ+ (Ωβ + Lφ∇/ φ). (4.29)
The right hand side should be estimated in ‖|u|2 · ‖L1
[u0,u]
H4(u). Note that
‖Ωχ‖H4(u,u) . ‖Ωtrχ‖H4(u,u) + ‖Ωχ̂‖H4(u,u) . |u|−1 + C
1
4 δ|u|−2FA . |u|−1.
Using (4.28), the 1st term on the right hand side is estimated by
‖|u|2Ωχη‖L1
[u0,u]
H4(u) . δ|u|−1FE (A+R).
Using (4.13) and (4.18), the 2nd term is estimated by
‖|u|2Lφ∇/ φ‖L1
[u0,u]
H4(u) .‖|u|Lφ‖L2
[u0,u]
H4(u) · ‖|u|∇/ φ‖L2
[u0,u]
H4(u)
.δ|u|−1FEW 12 E˜ .
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The last term is estimated by
‖|u|2(Ωβ + Lφ∇/ φ)‖L1
[u0,u]
H4(u) .‖Ω0|u|−
3
2 ‖L2
[u0,u]
H4(u) · ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖L2
[u0,u]
H4(u)
.Ω0(u0)Ω−10 δ
3
2 |u|− 32F 32ER 32 . δ|u|−1FEA− 12R 32 .
where we have used the auxiliary condition (3.5). Combining all estimates above, we have
‖|u|η‖H4(u,u) .‖|u0|η‖H4(u,u0) + δ|u|−1FEW
1
2 (A+A− 12R 32 + E˜)
.δ|u|−1FEW 12 (A+A− 12R 32 + E˜).
(4.30)
Estimate for Ωχ̂: Remember the equation for D(Ωχ̂):
D̂(Ωχ̂) = Ω2(∇/ ⊗̂η + η⊗̂η +∇/ φ⊗̂∇/ φ) + 1
2
ΩtrχΩχ̂− 1
2
ΩtrχΩχ̂. (4.31)
The first three terms on the right hand side are estimated in δ‖ · ‖L1uH4(u) by
. Ω0(u0)δ
3
2 |u|− 52FEW 12 O˜[η] + Ω20(u0)C
1
2 δ3|u|−4F 2E 2W A2 . δ|u|−2F (A+ O˜[η]).
(4.32)
In the same norm, the 4th term is estimated by. δ·|u|−1FA·C 14 δ|u|−2FA . C−1δ|u|−2FA.
The 5th term is estimated by (using (4.12) and (4.24)) . δ|u|−2F (A + O˜[η]). Therefore,
we have
‖Ωχ̂‖H4(u,u) . δ|u|−2F (A+ O˜[η, η]). (4.33)
Estimate for Ωtrχ: Write the equation for D(Ωtrχ):
D
(
Ωtrχ+
2
|u|
)
= Ω2(2div/ η + 2|η|2 + 2|∇/ φ|2 − 2K)− ΩtrχΩtrχ. (4.34)
The right hand side is estimated in δ‖ · ‖L1uH4(u). The estimates for the first three terms are
the same with (4.32). The last term is estimated by . δ|u|−2FA. The Gauss curvature
term Ω2K is estimated by
δ‖Ω2K‖L1uH4(u) .δΩ20‖K − |u|−2‖L2uH4(u) + δ|u|−2
.Ω0C
3
8 δ2|u|−3F 32EA 32 + δ|u|−2 . δ|u|−2FA.
(4.35)
Combining the estimates above we have
‖Ωtrχ+ 2|u|−1‖H4(u,u) . δ|u|−2F (A+ O˜[η]). (4.36)
Improved estimate for the derivatives of Ωtrχ: We should mention that the deriva-
tives of Ωtrχ behave better from the perspective of the power of δ|u|−1. This is because
the derivatives of Ωtrχ,Ωtrχ and K behave better than themselves. Note that
δ‖(|u|∇/ )(−2Ω2K − ΩtrχΩtrχ)‖L1uH3(u)
.δΩ20‖K − |u|−2‖L2uH4(u) + δΩ20‖trχ′ − 2h|u|−1‖L∞u H4(u,u)‖Ωtrχ+ 2|u|−1‖L∞u H4(u,u)
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+ δΩ20
(
‖Ωtrχ‖L∞u L∞(u)‖trχ′ − 2h|u|−1‖L∞u H4(u,u) + ‖trχ′‖L∞u L∞(u)‖Ωtrχ+ 2|u|−1‖L∞u H4(u,u)
)
.Ω0C
3
8 δ2|u|−3F 32EA 32 + C 34 δ3|u|−4F 3A3 + C 14 δ2|u|−3F 2A2
Combining the above estimates with the estimates for the first three terms, which are
bounded by C
1
4Ω0δ
3
2 |u|− 52FEW 12A in δ‖ · ‖L1uH4(u), gives
‖(|u|∇/ )(Ωtrχ)‖H3(u,u) . C
1
4 δ
3
2 |u|− 52FEW 12A. (4.37)
Estimate for ω: Consider the equation
Dω = Ω2(2(η, η)− |η|2 − |∇/ φ|2 +K) + 1
4
ΩtrχΩtrχ− 1
2
(Ωχ̂,Ωχ̂) + LφLφ, (4.38)
The right hand side should be estimated in ‖|u| · ‖L1
[u0,u]
H4(u). The first three terms are
estimated by
. Ω20(u0)C
1
2 δ2|u|−3F 2E 2W A2 . C−2|u|−1FA.
The last three terms are estimated by, using (4.16),
. |u|−1FW 12 (A+ E˜).
The Gauss curvature term Ω2K is estimated by
‖|u|2Ω2K‖L1
[u0,u]
H4(u) .|u|−1 + Ω0|u|−
3
2 ‖Ω0|u| 52 (K − |u|−2)‖L2
[u0,u]
H4(u)
.|u|−1 + Ω0δ 12 |u|− 32FE (A+R)
.|u|−1F (A+R).
Combining the above estimates gives
‖ω‖H4(u,u) . |u|−1FW
1
2 (A+ E˜ +R). (4.39)
The estimates (4.24), (4.26), (4.28), (4.30), (4.33), (4.36), (4.39) are the desired estimates
and the proof is completed.
4.5. Estimates for E˜. We then turn to E˜ , which is about the derivatives of the derivatives
of the wave function φ.
Proposition 4.3. Under the assumptions of Theorem 3.1 and the bootstrap assumptions
(4.1), we have
E˜ . A.
Proof. Recall the following equations which are essentially the wave equation:
DLφ+
1
2
ΩtrχLφ = Ω2div/ ∇/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ,
DLφ+
1
2
ΩtrχLφ = Ω2div/ ∇/ φ+ 2Ω2(η,∇/ φ)− 1
2
ΩtrχLφ,
D∇/ φ = ∇/ Lφ.
(4.40)
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We compute
D(|(|u|∇/ )iLφ|2dµg/) +D(Ω2|(|u|∇/ )i∇/ φ|2dµg/)
=|u|2i∇/ A(Ω2∇/ iB1···B5∇/ Aφ · ∇/ i,B1···B5Lφ) + τ1
for 1 ≤ i ≤ 5, where τ1 contains no (i + 1)st order derivatives of the derivative of φ. By
divergence theorem, we obtain
δ‖|u|(|u|∇/ )Lφ‖2L2uH4(u) + ‖|u|
3
2Ω(|u|∇/ )∇/ φ‖2L2
[u0,u]
H4(u)
.δ‖|u|(|u|∇/ )Lφ‖2L2uH4(u0) + ‖|u|
3
2Ω(|u|∇/ )∇/ φ‖2L2
[u0,u]
H4(0) +
∫ δ
0
du′
∫ u
u0
du′
∫
Su′,u′
|τ1|dµg/
We remark that the power 1 of the multiple |u| before (|u|∇/ )Lφ above comes in because
the coefficient of ΩtrχLφ on the left hand side is 12 , and then Ωtrχ itself will not appear
in the following estimates (instead, only the normalized quantity Ωtrχ+ 2|u|−1 comes in).
And by direct computation,∫
Su′,u′
|τ1|dµg/ .
∫
Su′,u′
|τ1,1|dµg/ +
∫
Su′,u′
|τ1,2|dµg/
where (the norm ‖ · ‖i refers to ‖ · ‖Hi(u′,u′))∫
Su′,u′
|τ1,1|dµg/
.|u′|2‖(|u′|∇/ )Lφ‖4(‖Ωtrχ+ 2|u′|−2‖5‖Lφ‖4 + ‖Ωtrχ+ 2|u′|−2‖4‖(|u′|∇/ )Lφ‖4)
+ |u′|2‖(|u′|∇/ )Ω2‖4(|u′|−1‖(|u|∇/ )∇/ φ‖4)‖(|u′|∇/ )Lφ‖4
+ |u′|2‖(|u′|∇/ )Lφ‖4
(‖Ω2‖5‖η‖4‖∇/ φ‖4 + ‖Ω2‖4‖η‖5‖∇/ φ‖4 + ‖Ω2‖4‖η‖4‖∇/ φ‖5)
+ |u′|2‖(|u′|∇/ )Lφ‖4
(‖Ωtrχ‖4‖(|u′|∇/ )Lφ‖4 + ‖(|u′|∇/ )(Ωtrχ)‖4‖Lφ‖4)
+ |u′|2Ω20(u′)|ω|‖(|u′|∇/ )∇/ φ‖24
(4.41)
which we call the multiplier terms, and∫
Su′,u′
|τ1,2|dµg/ .|u′|2‖(|u′|∇/ )Lφ‖4
(‖(|u′|∇/ )(Ωχ)‖3‖Lφ‖4 + Ω20(u′)|u′|‖K‖4‖∇/ φ‖4)
+ |u′|2Ω20(u′)‖(|u′|∇/ )∇/ φ‖4
(‖(|u′|∇/ )(Ωχ)‖4‖∇/ φ‖4 + |u′|‖K‖3‖Lφ‖4)
(4.42)
which we call the commutation terms. We will estimate these terms in L1uL
1
u. The 1
st term
of the 1st line on the right hand side of (4.41) is estimated by
.δ|u|−1‖|u|(|u|∇/ )Lφ‖L2uH4(u)‖|u|2(Ωtrχ+ 2|u|−1)‖L∞u L∞[u0,u]H5‖|u|Lφ‖L∞u L∞[u0,u]H4
.δ|u|−1 · C 14FEA · C 14 δFEW 12A · C 14FA . C− 14 δF 2E 2A2 · (δ|u|−1FA) 12 .
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The 2nd term of the 1st line of (4.41) is estimated by
.δ|u|−1‖|u|(|u|∇/ )Lφ‖2L2uH4(u)‖|u|
2(Ωtrχ+ 2|u|−1)‖L∞u L∞[u0,u]H4
.δ|u|−1 · C 12F 2E 2A2 · C 14 δFA . C− 14 δF 2E 2A2 · (δ|u|−1FA) 12 .
Noting that
‖(|u′|∇/ )Ω2‖4 . Ω20(|u′|‖η‖4 + |u′|‖η‖4) . Ω20C
1
4 δ|u|−1FEW 12A . C− 32Ω20E , (4.43)
the 2nd line of (4.41) is estimated by,
.δ|u|− 12 ‖Ω−10 (|u|∇/ )Ω2‖L∞u L∞[u0,u]H4‖Ω0|u|
3
2∇/ φ‖L∞u L2[u0,u]H5‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|− 12 · C− 32Ω0(u0)E · C 14 δ 12FEA · C 14FEA . C−1δF 2E 2A2 · (Ω2(u0)δ|u|−1E 2) 12 .
The last two terms of the 3rd line is estimated the same as above, and the 1st term is
estimated by
.δ|u|−2‖Ω2‖L∞u L∞[u0,u]H5‖|u|
2η‖L∞u L∞[u0,u]H4‖|u|
2∇/ φ‖L∞u L∞[u0,u]H4‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|−2 · Ω20(u0)E · C
1
4 δFEA · C 14 δFEA · C 14FEA . C−1δF 2E 2A2 · (Ω20(u0)δ|u|−1E 2)
The 4th line is obtained by taking derivatives on ΩtrχLφ. It is important that at least one
derivative applies on Ωtrχ or Lφ, both of which have worst estimates at zeroth order. The
1st term is estimated by
.δ|u|− 34 ‖|u|Ωtrχ‖L∞u L∞[u0,u]H4 · Ω0(u0)‖Ω
−1
0 |u|
3
4 (|u|Lφ− ψ)‖L∞u L2[u0,u]H5‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|− 34 ·FA · C 14 δ|u|− 14Ω0(u0)Ω−10 FEA · C
1
4FEA . δF 2E 2A2 · (δ|u|−1FA) 14 ,
where we have used both the smallness condition (the second one) and the auxiliary con-
dition (3.5). The 2nd term is estimated by
.δ|u|−1‖|u|2Ω2(trχ′ − 2h/|u|)‖L∞u L∞[u0,u]H5‖|u|Lφ‖L∞u L∞[u0,u]H4‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|−1 · C 12 δF 2EA2 ·W 12 · C 14FEA
.C− 14 δF 2E 2A2 ·
(
δ|u|−1FW 12A
) 1
2
.
Remark 4.3. Here we have used the estimate of ‖(|u|∇/ )5(Ωtrχ)‖L2(u,u) which is (the lower
order estimates are given in (4.11))
‖(|u|∇/ )5(Ωtrχ)‖L2(u,u) .‖(|u|∇/ )Ω2‖H4(u,u)‖trχ′‖H4(u,u) + Ω20‖(|u|∇/ )trχ′‖H4(u,u)
.C 14 δ|u|−1FEW 12A · |u|−1FA+ C 12 δ|u|−2F 2EA2
.C 12 δ|u|−2F 2EW 12A2.
(4.44)
The last term of (4.41) is estimated by
.δ|u|−1‖|u|ω‖L∞u L∞[u0,u]H4‖Ω0|u|
3
2∇/ φ‖2L∞u L2[u0,u]H5
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.δ|u|−1 · C 14FW 12A · C 12 δF 2E 2A2
.C− 14 δF 2E 2A2 ·
(
δ|u|−1FW 12A
) 1
2
.
Then we turn to the estimates of the right hand side of (4.42) in L1uL
1
u. The 1
st term of
the 1st line is estimated by
.δ|u|−1‖|u|2(|u|∇/ )(Ωχ)‖L∞u L∞[u0,u]H3‖|u|Lφ‖L∞u L∞[u0,u]H4‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|−1 · C 14 δFA · C 14FA · C 14FEA . C− 14 δF 2EA2 · (δ|u|−1FA) 12 .
The 1st term of the 2nd line is estimated by (using both (4.44))
.δ|u|− 32Ω0(u0)‖|u|(|u|∇/ )(Ωχ)‖L∞
[u0,u]
L2uH4‖|u|2∇/ φ‖L∞u L∞[u0,u]H4‖Ω0|u|
3
2 (|u|∇/ )∇/ φ‖L∞u L2[u0,u]H5
.δ|u|− 32Ω0(u0) · C 14FEA · C 14 δFEA · C 14 δ 12FEA . C−1δF 2E 2A2 · (Ω20(u0)δ|u|−1E 2)
1
2 .
The estimates of the remaining terms require an estimate of K. Similar to (4.35), we can
deduce that
Ω0‖K‖L2uH4(u) . |u|−2 + C
3
8 δ|u|−3F 32EA 32 . |u|−2F 12EA 12 . (4.45)
Then the 2nd term of the 1st line of (4.42) is estimated by
.δ|u|−1Ω0(u0)‖Ω0|u|2K‖L∞
[u0,u]
L2uH4‖|u|2∇/ φ‖L∞u L∞[u0,u]H4‖|u|(|u|∇/ )Lφ‖L∞[u0,u]L2uH4
.δ|u|−1 ·F 12EA 12 · C 14 δFA · C 14FEA . C− 12 δF 2E 2A2 · (δ|u|−1FA) 12 .
And the last term of (4.42) is estimated by
.δ|u|− 12Ω0(u0)‖Ω0|u|2K‖L∞
[u0,u]
L2uH3‖|u|Lφ‖L∞u L∞[u0,u]H4‖|u|
3
2 (|u|∇/ )∇/ φ‖L∞u L2[u0,u]H4
.δ|u|− 12Ω0(u0) ·F 12EA 12 · C 14FA · C 14 δ 12FEA . δF 2E 2A2 · (δ|u|−1FA) 14 .
Now combining all the estimates of (4.41) and (4.42) above, we achieve that (note that
∇/ φ(u = 0) = 0)
‖|u|(|u|∇/ )Lφ‖2L2uH4(u) + δ
−1‖|u| 32Ω0(|u|∇/ )∇/ φ‖2L2
[u0,u]
H4(u)
.‖|u|(|u|∇/ )Lφ‖2L2uH4(u0) +F
2E 2A2 · (δ|u|−1W (FA+ Ω20(u0)E 2)) 14 . (4.46)
In particular, this implies
‖|u|(|u|∇/ )Lφ‖L2uH4(u) + δ−
1
2 ‖|u| 32Ω0(|u|∇/ )∇/ φ‖L2
[u0,u]
H4(u) . FEA. (4.47)
Remark 4.4. The improved estimate (4.46) is crucial in the following parts of the proof.
We consider the last two equations of (4.40). We compute
D(|u||(|u|∇/ )i∇/ φ|2dµg/) +D(Ω−2|u||(|u|∇/ )iLφ|2dµg/)
=|u|2i+1∇/ A(∇/ iB1···BiLφ · ∇/
i,B1···Bi∇/ Aφ) + |u|τ2
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for 1 ≤ i ≤ 5, where τ2 contains no sixth order derivatives of the derivative of φ. By
divergence theorem, we have
δΩ20(u)‖|u|
3
2 (|u|∇/ )∇/ φ‖2L2uH4(u) + Ω
2
0(u)‖|u|2Ω−1(|u|∇/ )Lφ‖2L2
[u0,u]
H4(u)
.δΩ20(u)‖|u|
3
2 (|u|∇/ )∇/ φ‖2L2uH4(u0) + Ω
2
0(u)‖|u|2Ω−1(|u|∇/ )Lφ‖2L2
[u0,u]
H4(0)
+
∫ δ
0
du′
∫ u
u0
du′
∫
Su′,u′
Ω20(u)|u′||τ2|dµg/
where τ2 contains no sixth order derivatives of the derivative of φ. By direct computation,∫
Su′,u′
Ω20(u)|u′||τ2|dµg/ .
∫
Su′,u′
Ω20(u)|u′||τ2,1|dµg/ +
∫
Su′,u′
Ω20(u)|u′||τ2,2|dµg/
where the multiplier terms are∫
Su′,u′
Ω20(u)|u′||τ2,1|dµg/
.Ω20(u)Ω−20 (u′)
[|u′|3‖(|u′|∇/ )Lφ‖4 (|Ωtrχ|‖(|u′|∇/ )Lφ‖4 + ‖(|u′|∇/ )(Ωtrχ)‖4‖Lφ‖4)
+ |u′|3|ω|‖(|u′|∇/ )Lφ‖24
+ |u′|3‖(|u′|∇/ )Ω2‖4(|u′|−1‖(|u|∇/ )∇/ φ‖4)‖(|u′|∇/ )Lφ‖4
+ |u′|3‖(|u′|∇/ )Lφ‖4
(‖Ω2‖5‖η‖4‖∇/ φ‖4 + ‖Ω2‖4‖η‖5‖∇/ φ‖4 + ‖Ω2‖4‖η‖4‖∇/ φ‖5)
+|u′|3‖(|u′|∇/ )Lφ‖4
(|Ωtrχ|‖(|u′|∇/ )Lφ‖4 + ‖(|u′|∇/ )(Ωtrχ)‖4‖Lφ‖4)]
+ Ω20(u)|u′|3‖(|u′|∇/ )∇/ φ‖4(|Ωtrχ|‖(|u|∇/ )∇/ φ‖4 + ‖Ωtrχ+ 2|u′|−2‖5‖∇/ φ‖4)
(4.48)
and the commutation terms are∫
Su′,u′
|u′||τ2,2|dµg/
.Ω20(u)Ω−20 (u′)|u′|3‖(|u′|∇/ )Lφ‖4
(‖(|u′|∇/ )(Ωχ)‖3‖Lφ‖4 + Ω20(u′)|u′|‖K‖4‖∇/ φ‖4)
+ Ω20(u)|u′|3‖(|u′|∇/ )∇/ φ‖4
(‖(|u′|∇/ )(Ωχ)‖4‖∇/ φ‖4 + |u′|‖K‖3‖(|u|∇/ )Lφ‖3) .
(4.49)
The right hand side of (4.48) and (4.49) should be estimated in L1uL
1
u. The 1
st terms of
the first two lines of (4.48) is estimated by
.δ|u|−1‖|u|Ωtrχ, |u|ω‖L∞u L∞[u0,u]H4 · Ω0‖Ω
−1
0 |u|2(|u|∇/ )Lφ‖2L∞u L2[u0,u]H4
.δ|u|−1 · C 14FW 12A · C 12 δ2F 2E 2A2 . C−1δ2F 2E 2A2.
The 2nd term of the 1st line is estimated by (using (4.44))
.δ|u|−1‖|u|2Ω2(trχ′ − 2h/|u|)‖L∞u L∞[u0,u]H5‖|u|Lφ‖L∞u L2[u0,u]H4 · Ω0‖Ω
−1
0 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ|u|−1 · C 12 δF 2EW 12A2 ·W 12 · C 14 δFEA . C−1δ2F 2E 2A2.
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In view of (4.43), all terms of the 3rd and 4th lines of (4.48) are estimated in the same
manner. They are estimated by
.δ|u|− 32Ω0‖|u|2(∇/ φ, η, η)‖L∞u L∞[u0,u]H4 · Ω0‖|u|
3
2 (∇/ φ, η)‖L∞
[u0,u]
L2uH5 · Ω0‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ|u|− 32Ω0 · C 14 δFEW 12A · C 14 δ 12FEW 12A · C 14 δFEA . C−1δ2F 2E 2A2.
The 2nd term of the 5th line is estimated by
.δ|u|−1‖|u|2(Ωtrχ+ 2|u|−2)‖L∞u L∞[u0,u]H5‖|u|Lφ‖L∞u L∞[u0,u]H4 · Ω0‖Ω
−1
0 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ|u|−1 · C 14 δFEW 12A · C 14FA · C 14 δFEA . C−1δ2F 2E 2A2.
The 2nd term of the last line is estimated by
.δ|u|− 32Ω0‖|u|2(Ωtrχ+ 2|u|−2)‖L∞u L∞[u0,u]H5‖|u|
2∇/ φ‖L∞u L∞[u0,u]H4 · Ω0‖|u|
3
2 (|u|∇/ )∇/ φ‖L∞
[u0,u]
L2uH4
.δ|u|− 32Ω0 · C 14 δFEW 12A · C 14 δFEA · C 14 δ 12FEA . C−1δ2F 2E 2A2.
Now we are going to the crucial terms, the 1st terms of the 5th line and the last line.
Recalling the definition of E , using (4.46), the 1st term of the 5th line is estimated by
.δ
(∫ u
u0
|u′|−1||u′|Ωtrχ|2‖|u|(|u|∇/ )Lφ‖2L2uH4(u′)du
′
) 1
2
· Ω0‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ
(∫ u
u0
|u′|−1
(
‖|u|(|u|∇/ )Lφ‖2L2uH4(u0) +F
2E 2A2 · (δ|u|−1W (FA+ E 2)) 14)du′) 12
× Ω0‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ
(∣∣∣∣log |u1||u0|
∣∣∣∣ 12 ‖|u|(|u|∇/ )Lφ‖L2uH4(u0) +FEA · (δ|u|−1W (FA+ E 2)) 18
)
× Ω0‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δFEA · Ω0‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4 .
Using (4.47), the 1st term of the last line is estimated by
. δ‖|u|Ωtrχ‖L∞u L∞[u0,u]H4‖Ω0|u|
3
2 (|u|∇/ )∇/ φ‖2L∞u L2[u0,u]H4 . δ
2F 2E 2A2.
Finally, we turn to the estimates of (4.49) in L1uL
1
u. The estimates of the 1
st terms of
both lines are similar to the 2nd terms of the last two lines of (4.49), and the 2nd term of
the 1st line is estimated by (using (4.45))
.δ|u|−1Ω0‖Ω0|u|2K‖L∞
[u0,u]
L2uH4‖|u|2∇/ φ‖L∞u L∞[u0,u]H4 · Ω0‖Ω
−1
0 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
.δ|u|−1Ω0 ·F 12EA 12 · C 14 δFEA · C 14 δFEA . C−1δ2F 2E 2A2.
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And the last term of (4.49) is estimated by
.δ|u|− 14Ω0‖|u|2K‖L∞
[u0,u]
L2uH3‖|u|
7
4 (Lφ− ψ/|u|)‖L∞u L∞[u0,u]H4 · Ω0‖|u|
3
2 (|u|∇/ )∇/ φ‖L∞
[u0,u]
L2uH4
.δ|u|− 14 ·F 12EA 12 · C 14 δ|u|− 14FA · C 14 δ 12FEA . C− 12 δ2F 2E 2A2.
Combining all estimates above together, noting that ∇/ Lφ(u = 0) = 0, we have
δΩ20(u)‖|u|
3
2 (|u|∇/ )∇/ φ‖2L2uH4(u) + Ω
2
0(u)‖|u|2Ω−10 (|u|∇/ )Lφ‖2L2
[u0,u]
H4(u)
.δ‖|u| 32 (|u|∇/ )∇/ φ‖2L2uH4(u0) + δ
2F 2E 2A2 + δFEA · Ω0(u)‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4 ,
which implies
Ω0(u)‖|u| 32 (|u|∇/ )∇/ φ‖L2uH4(u) + δ−
1
2Ω0(u)‖|u|2Ω−10 (|u|∇/ )Lφ‖L2[u0,u]H4(u) . δ
1
2FEA
(4.50)
The proof of Proposition 4.3 is then complete.
From Proposition 4.1 and 4.3, we conclude
E . A.
In particular, E˜ in all estimates in Proposition 4.2 can be dropped.
4.6. Estimates for O˜. We then use the elliptic systems to estimate O˜, which involves the
top order derivatives of the connection coefficients.
Proposition 4.4. Under the assumptions of Theorem 3.1 and the bootstrap assumptions
(4.1), we have
O˜ . A+R.
Proof. Estimate for K: In order to apply elliptic estimate, we need an appropriate esti-
mate for K. Consider the equation for DK:
D(K − |u|−2) + ΩtrχK = div/ div/ (Ωχ̂)− 1
2
∆/ (Ωtrχ). (4.51)
Integrate the equation (4.51), for up to second order derivatives of K, using (4.24) and
(4.26), we have
‖K − |u|−2‖H2(u,u) .δ|u|−3FA+ δ2|u|−4F 2A2 . δ|u|−3FA. (4.52)
Using (4.44), we have
‖K − |u|−2‖H3(u,u) . C
1
4 δ|u|−3FEA+ C 12 δ2|u|−4δF 2EA2 . C 14 δ|u|−3FEA.
This then in particular implies
‖K‖H2(u,u) . |u|−2, ‖K‖H3(u,u) . |u|−2E . (4.53)
Remark 4.5. We have a loss E on the third order derivative of K.
INSTABILITY OF SPHERICAL NAKED SINGULARITIES 53
Estimates for µ and η involving the top order derivatives: Consider first the equa-
tion for Dµ,
Dµ+ Ωtrχµ = −Ωtrχ 1|u|2 + div/ (2Ωχ̂ · η − Ωtrχη) + 2∇/ Lφ · ∇/ φ+ 2Lφ∆/ φ. (4.54)
The right hand side should estimated in δ‖ · ‖L1uH4(u). Noting that Ωχ̂,Ωtrχ,Lφ share a
similar bound and η, η,∇/ φ share a similar bound, the last three terms are estimated by
.δ|u|−1‖Ωχ̂,Ωtrχ,Lφ‖L2uH5(u)‖η, η,∇/ φ‖L∞u H4(u) + δ|u|−1‖χ̂, trχ,Lφ‖L∞u H4(u)‖η, η,∇/ φ‖L2uH5(u)
.δ|u|−1 · C 14 |u|−1FEA · C 14 δ|u|−2FEW 12A+ δ|u|−1 · C 14 |u|−1FA · C 14Ω−10 δ
1
2 |u|− 32FEW 12A
.C 12Ω−10 δ
3
2 |u|− 72F 2EW 12A2.
Therefore, with ‖|u|−2Ωtrχ‖H4(u,u) . |u|−3FA,
‖µ‖H4(u,u) . δ|u|−1FA‖µ‖L∞u H4(u,u) + Ω−10 δ|u|−3F
3
2EA 32 .
Because δ|u|−1FA ≤ C−2 ≤ C−20 , if C0 is sufficiently large, the first term above can be
absorbed by the left hand side, and then we have
‖µ‖H4(u,u) . Ω−10 δ|u|−3F
3
2EA 32 . (4.55)
Then from the elliptic system for η{
div/ η = K − 1|u|2 − µ
curl/ η = σˇ
, (4.56)
we have, by elliptic estimate and (4.28),
‖η‖H5(u,u) .|u|‖K − |u|−2, σˇ‖H4(u,u) + |u|‖µ‖H4(u,u) + E ‖η‖H4(u,u)
.|u|‖K − |u|−2, σˇ‖H4(u,u) + Ω−10 δ|u|−2FE (Ω0E (A+R) +F
1
2A 32 ).
Then we have,
‖η‖L2uH5(u) .|u|‖K − |u|−2, σˇ‖L2uH4(u) + Ω−10 δ|u|−2FE (C
1
4Ω0EA+F 12A 32 )
.C 38Ω−10 δ|u|−2F
3
2EA 32 + δ|u|−2FE 2(A+R) . Ω−10 δ
1
2 |u|− 32FE (A+R),
(4.57)
and
‖Ω0|u| 32 η‖L2
[u0,u]
H5(u) .‖Ω0|u|
5
2 (K − |u|−2, σˇ)‖L2
[u0,u]
H4(u) + δ|u|−
1
2FE (Ω0E (A+R) +F 12A 32 )
.δ 12FE (A+R),
(4.58)
Improved estimate for the derivatives of µ: We can improve the estimates for the
derivatives of µ. This is because the first term −|u|−2Ωtrχ has better estimates for its
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derivatives. We estimate
−|u|∇/ (Ωtrχµ)− |u|∇/ (Ωtrχ) 1|u|2
in δ‖ · ‖L1uH3(u) by, using (4.55),
. δ|u|−1FA‖(|u|∇/ )µ‖L∞u H3(u) + δ · C
1
2 δ|u|−2F 2A2 · Ω−10 |u|−2F
1
2EA 12 .
Therefore, if C0 is sufficiently large such that the first term can be absorbed, we have,
combining with the estimates for the last three terms of (4.54),
‖(|u|∇/ )µ‖H3(u,u) . C
1
2Ω−10 δ
3
2 |u|− 72F 2EW 12A2. (4.59)
Estimates for µ and η involving the top order derivatives: We consider the equa-
tion for Dµ:
Dµ+ Ωtrχµ = −(Ωtrχ+ 2|u|)
1
|u|2 + div/ (2Ωχ̂ · η −Ωtrχη) + 2∇/ Lφ · ∇/ φ+ 2Lφ∆/ φ (4.60)
We compute the initial value of µ on Cu0 first. Because div/ η = K − 1|u|2 − µ, then
‖µ‖L2uH4(u0) . |u|−1‖η‖L2uH5(u0) + ‖K − |u|−2‖L2uH4(u0) . Ω−10 (u0)δ
1
2 |u|− 52FEW 12A.
(4.61)
So in the following, we estimate µ in L2uH4(u). The right hand side of (4.60) should be
estimated in ‖|u|3 · ‖L1
[u0,u]
H4(u). The first term is easily estimated by . C
1
4 δ|u|−1FA. The
term div/ (2Ωχ̂ · η) is estimated by
|u|− 32Ω0(u0)‖Ω−10 |u|
3
2Ωχ̂‖L2
[u0,u]
H5(u)‖|u|2η‖L∞[u0,u]H4(u)
+ Ω−10 |u|−1‖|u|2Ωχ̂‖L∞[u0,u]H4(u)‖Ω0|u|η‖L2[u0,u]H5(u)
.|u|−2Ω0(u0) · Ω−10 C
1
4 δFEW
1
2A · C 14 δFEW 12A+ Ω−10 C
1
4 |u|−1δFA‖Ω0|u|η‖L2
[u0,u]
H5(u).
The term div/ (Ωtrχη) is estimated by, using (4.58),
|u|−2‖|u|2(|u|∇/ )(Ωtrχ)‖L∞
[u0,u]
H4(u)‖|u|2η‖L∞
[u0,u]
H4(u)
+ Ω−10 |u|−
1
2 ‖|u|Ωtrχ‖L∞
[u0,u]
H4(u)‖Ω0|u|
3
2 η‖L2
[u0,u]
H5(u)
.|u|−2Ω−10 Ω0 · C
1
4 δFEW
1
2A · C 14 δFEW 12A+ Ω−10 |u|−
1
2 · 1 · δ 12FE (A+R).
The last two terms are estimated by, using (4.47),
|u|−2Ω0(u0)‖Ω−10 |u|−2(|u|∇/ )Lφ‖L2[u0,u]H4(u)‖|u|
2∇/ φ‖L∞
[u0,u]
H4(u)
+ Ω−10 |u|−
1
2 ‖|u|Lφ‖L∞
[u0,u]
H4(u)‖Ω0|u|
3
2∇/ φ‖L2
[u0,u]
H5(u)
.Ω0(u0)|u|−2 · C 14Ω−10 δFEA · C
1
4 δFEA+ Ω−10 |u|−
1
2 ·W 12 · δ 12FEA.
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Combining the estimates above, we have, using (4.61),
‖|u|2µ‖H4(u,u) .‖|u|2µ‖H4(u,u0) + Ω−10 δ
1
2 |u|− 12FEW 12 (A+R) + C−1Ω−10 ‖Ω0|u|η‖L2[u0,u]H5(u)
.Ω−10 δ
1
2 |u|− 12FEW 12 (A+R) + C−1Ω−10 ‖Ω0|u|η‖L2[u0,u]H5(u).
Therefore, taking ‖ · ‖L2u of the above inequality, we have
‖|u|2µ‖L2uH4(u) .Ω−10 δ
1
2 |u|− 12FEW 12 (A+R) + C−1Ω−10 ‖Ω0|u|η‖L2[u0,u]L2uH5
.Ω−10 δ
1
2 |u|− 12FEW 12 (A+R) + C−1Ω−10 · ‖C
1
4 δ|u|− 12FEW 12A‖L2
[u0,u]
.Ω−10 δ
1
2 |u|− 12FEW 12 (A+R).
(4.62)
Then from the elliptic system for η:{
div/ η = K − 1|u|2 − µ
curl/ η = −σˇ , (4.63)
we have
‖η‖H5(u,u) .|u|‖K − |u|−2, σˇ‖H4(u,u) + |u|‖µ‖H4(u,u) + E ‖η‖H4(u,u).
We then have, using (4.30),
‖η‖L2uH5(u) .|u|‖K − |u|−2, σˇ‖L2uH4(u) + |u|‖µ‖L2uH4(u) + δ|u|−2FE 2W
1
2 (A+A− 12R 32 )
.Ω−10 δ
1
2 |u|− 32FEW 12 (A+R+A− 12R 32 ).
(4.64)
From (4.57), (4.58) and (4.64), the dependence on O˜ of the estimates (4.24), (4.26),
(4.33) and (4.36), and of Proposition 4.2 can now be replaced by R+A− 12R 32 .
Estimates for Ωχ̂ involving the top order derivatives: Now we consider the equa-
tion for div/ (Ωχ̂):
div/ (Ωχ̂) =
1
2
Ω2∇/ trχ′ + Ωχ̂ · η + 1
2
Ωtrχη − (Ωβ − Lφ∇/ φ). (4.65)
The terms on the right hand side are estimated in |u|‖ · ‖H4(u,u) by
Ω20‖|u|∇/ trχ′‖H4(u,u) + |u|(‖Ωχ̂η‖H4(u,u) + ‖Ω20trχ′η‖H4(u,u) + ‖Ωβ − Lφ∇/ φ‖H4(u,u))
.C 14 δ|u|−2F 2EA2 + C 14 |u|−1FA · C 14 δ|u|−1FEW 12A+ ‖Ωβ − Lφ∇/ φ‖H4(u,u)
.C−1|u|−1FEA+ |u|‖Ωβ − Lφ∇/ φ‖H4(u,u).
Then by elliptic estimate (using (4.24), (4.53)),
‖Ωχ̂‖H5(u,u) .|u|‖div/ (Ωχ̂)‖H4(u,u) + E ‖Ωχ̂‖H4(u,u)
.|u|−1FE (A+R+A− 12R 32 ) + |u|‖Ωβ − Lφ∇/ φ‖H4(u,u),
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whose L2u norm is then bounded by
‖Ωχ̂‖L2uH5(u) . |u|−1FE (A+R+A−
1
2R 32 ). (4.66)
Estimates for trχ′ involving the top order derivatives: Now we consider the equa-
tion for D∇/ trχ′, written in the following form:
D∇/ trχ′ =Ω−2(η + η)
(
1
2
(Ωtrχ)2 + |Ωχ̂|2 + 2(Lφ)2
)
− (Ωtrχ)∇/ trχ′ − 2Ω−2∇/ (Ωχ̂) · Ωχ̂− 4Ω−2∇/ LφLφ.
(4.67)
which is derived by taking ∇/ to (4.25). Here we use 2∇/ log Ω = η + η. Now consider the
fourth order derivative ∇/ 4 of the above equation. To estimate ∇/ trχ′ in H4, the right hand
side should be estimated in δ‖ · ‖L1uH4(u) . δ‖ · ‖L2uH4(u). The first line is estimated by
.δΩ−20 ‖η, η‖L∞u H4(u)‖Ωtrχ,Ωχ̂, Lφ‖2L∞u H4(u)
.δΩ−20 · C
1
4 δ|u|−2FEW 12A · C 12 |u|−2F 2A2
.C−1Ω−20 δ|u|−3F 2EA2.
The 2nd line involves fifth order derivative of the connection coefficients and Lφ, which
should be estimated using (4.16), (4.24), (4.47) and (4.66):
δΩ−20 ‖Ω20∇/ trχ′‖L2uH4(u)‖Ωtrχ‖L∞u H4(u) + δΩ−20 ‖∇/ (Ωχ̂),∇/ Lφ‖L2uH4(u)‖Ωχ̂, Lφ‖L∞u H4(u)
.δΩ−20 (C
1
4 δ|u|−3F 2EA2 · |u|−1FA+ |u|−2FE (A+R+A− 12R 32 ) · |u|−1F (A+R+A− 12R 32 )
.Ω−20 δ|u|−3F 2E (A+R+A−
1
2R 32 )2.
Combining the above estimates, we have
‖(|u|∇/ )trχ′‖H4(u,u) . Ω−20 δ|u|−2F 2E (A+R+A−
1
2R 32 )2. (4.68)
Estimates for Ωtrχ involving the top order derivatives: The next step is to esti-
mate ∇/ 5(Ωtrχ). This is the most subtle estimate in the whole argument. Before this, we
should first obtain an estimate of ∇/ iω. Recall the elliptic-transport system for ω:
∆/ ω = ω/ + div/ (Ωβ + Lφ∇/ φ),
Dω/ +Ωtrχω/ + 2Ωχ̂ · ∇/ ∇/ ω + 2div/ (Ωχ̂) · ∇/ ω − 12div/ (Ωtrχ(Ωβ + Lφ∇/ φ))
+∇/ (Ω2) · (∇/ (ρ+ 16R) + ∗∇/ σ) + ∆/ (Ω2)(ρ+ 16R)−∆/ (Ω2(2η · η − |η|2))
−div/ (Ωχ̂ · (Ωβ + Lφ∇/ φ)− 2Ωχ̂ · (Ωβ − Lφ∇/ φ) + 3Ω2η(ρ+ 16R)− 3Ω2∗ησ)
= −div/ {2Ω2∇/ φ∆/ φ+ Lφ∇/ Lφ+ Lφ∇/ Lφ− ΩtrχLφ∇/ φ
+2Ωχ̂ · ∇/ φLφ+ 2Ω2η · ∇/ φ∇/ φ+ Ω2η|∇/ φ|2)}
.
Because ω is a function and satisfies a Poisson equation, the elliptic estimate for ∇/ ω
does not depend on ω itself. Therefore no bounds for the lower derivatives of ω are needed.
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We have
‖(|u|∇/ )ω‖H4(u,u) . |u|2‖ω/ ‖H3(u,u) + |u|‖Ωβ + Lφ∇/ φ‖H4(u,u). (4.69)
The second equation above looks complicated. We can estimate the right hand side
term by term, but it is not hard to see the equation can be written in the following
schematic form: (we will write ∇/ log Ω ∼ |u|−1, ∇/ 2 log Ω ∼ ∇/ (η + η) and use K =
−14trχtrχ+ 12(χ̂, χ̂)− (ρ+ 16R) + |∇/ φ|2, σˇ = σ − 12 χ̂ ∧ χ̂)
Dω/ =Ωtrχ∇/ 2ω +
∑
i+j=1
∇/ i(Ωχ̂)∇/ j∇/ ω
+
∑
i+j=1
∇/ i(Ωχ̂ or Ωtrχ)∇/ j(Ωβ + Lφ∇/ φ)
+ Ω2
∑
i+j=1
∇/ i(η or η)∇/ j(K or σˇ)
+
∑
i+j+k=1
∇/ i(η or η)∇/ j(Ωχ̂ or Ωtrχ)∇/ k(Ωχ̂ or Ωtrχ) + Ω2∇/ (η or η) · (η or η)2
+ Ω2
∑
i+j=2
∇/ i(η or η)∇/ j(η or η)
+
∑
i+j=1
∇/ i(Ωχ̂)∇/ j(Ωβ − Lφ∇/ φ)
+ Ω2
∑
i+j=1
∇/ i∇/ φ∇/ j∇/ 2φ+
∑
i+j=2
∇/ iLφ∇/ jLφ
+ Ω2
∑
i+j+k=1
∇/ i(η or η)∇/ j∇/ φ∇/ k∇/ φ+
∑
i+j+k=1
∇/ i(Ωtrχ or Ωχ̂)∇/ jLφ∇/ k∇/ φ
(4.70)
We want to estimate ω/ in H3 so the right hand side should be estimated in δ‖ · ‖L1uH3(u) .
δ‖ · ‖L2uH3(u). The first two lines, placing Ωtrχ and Ωχ̂ in L∞u H4, are estimated by
. δ|u|−2 · C 14 |u|−1FA(‖(|u|∇/ )ω‖L1uH4(u) + |u|‖Ωβ + Lφ∇/ φ‖L1uH4(u)).
We have also used the relation ∇/ ∼ |u|−1 here and will use this in the following steps. The
3rd line, placing η or η in L∞u H4, is estimated by
.δ|u|−1Ω0 · C 14 δ|u|−2FEW 12A · Ω0‖K, σˇ‖L2uH4(u) . δ|u|−1Ω0 · C
1
4 δ|u|−2FEW 12A · |u|−2F 12EA 12
.C− 12 δ|u|−4FEA · (Ω20δ|u|−1E 2)
1
2 .
The 4th line consists of terms with three factors, all of which are placed in H4. The 1st
term of this line is estimated by
. δ|u|−1 · C 14 δ|u|−2FEW 12A · C 14 |u|−1FA · |u|−1 . C− 12 δ|u|−4FEA · (δ|u|−1FA) 12
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and the 2nd term of this line is estimated by
. Ω20δ|u|−1 · (C
1
4 δ|u|−2FEW 12A)3 . C−1δ|u|−4FEA · (δ|u|−1FA).
Note that ∇/ φ shares the same estimate with η, η and Lφ shares the same estimate with
Ωχ̂ for lower order (up to fourth order derivatives), so the last line can be estimated in the
same manner as above. The 6th line, placing Ωχ̂ in L∞u H4, is estimated by
.δ|u|−1 · C 14 δ|u|−2FA · ‖Ωβ − Lφ∇/ φ‖L2uH4(u) . δ|u|−1 · C
1
4 δ|u|−2FA · C 14 |u|−2FEA
.C− 12 δ|u|−4FEA · (δ|u|−1FA) 12 .
It remains to estimate the 5th and the 7th lines. They contain terms with factors which
are second order derivative of η, η,∇/ φ, Lφ, Lφ, which are of the highest order. The 5th line
and the 1st term of the 7th line, placing the highest order η, η and ∇/ φ in L2uH5(u) and the
other factor in L∞u H4, are estimated by
Ω20δ|u|−2 · C
1
4 δ|u|−2FEW 12A · Ω−10 C
1
4 δ
1
2 |u|− 32FEW 12A . C− 12 δ|u|−4FEA · (δ|u|−1FA).
Finally, we turn the 2nd term of the 7th line, which is the most subtle term. If at least
one derivative has applied to Lφ, then Lφ can be placed in L∞u H4 (using (4.16) with E˜
dropped) and this term is estimated by
. δ|u|−2 · ‖(|u|∇/ )Lφ‖L1uH4(u) · |u|−1FA = δ|u|−3FA‖(|u|∇/ )Lφ‖L1uH4(u).
If no derivatives have applied to Lφ, then the term, using (4.46), is estimated by
. δ|u|−3‖Lφ‖L∞u H4(u)
(
‖|u|(|u|∇/ )Lφ‖L2uH4(u0) +FEA ·
(
δ|u|−1W (FA+ Ω20(u0)E 2)
) 1
8
)
.
Combining all estimates above, and using (4.69), we have
‖(|u|∇/ )ω‖H4(u,u)
.C 14 δ|u|−1FA‖(|u|∇/ )ω‖L1uH4(u) + C
1
4 δFA‖Ωβ + Lφ∇/ φ‖L1uH4(u)
+ |u|‖Ωβ + Lφ∇/ φ‖H4(u,u) + δ|u|−1FA‖(|u|∇/ )Lφ‖L1uH4(u)
+ δ|u|−1‖Lφ‖L1uH4(u)
(
‖|u|(|u|∇/ )Lφ‖L2uH4(u0) +FEA ·
(
δ|u|−1W (FA+ Ω20(u0)E 2)
) 1
8
)
+ δ|u|−2FEA · (δ|u|−1(FA+ Ω20(u0)E 2))
1
2 .
(4.71)
Then we estimate ‖Ω−10 |u|2 · ‖L1[u0,u] of the above quantity, which means that we compute∫ u
u0
Ω−10 (u
′)|u′| · du′ of the above inequality. Note that L1u and L1[u0,u] commute and then
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‖|u|−s · ‖L1
[u0,u]
L1uHi = ‖|u|−s · ‖L1uL1[u0,u]Hi . |u|
−s‖ · ‖L∞u L2[u0,u]Hi if s > 0, we have
‖Ω−10 |u|2(|u|∇/ )ω‖L1[u0,u]H4(u)
.C 14 δ|u|−1FA‖Ω−10 |u|2(|u|∇/ )ω‖L∞u L1[u0,u]H4 + |u|
− 1
2 ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖L∞u L2[u0,u]H4
+ δ|u|−1FA‖Ω−10 |u|2(|u|∇/ )Lφ‖L∞u L2[u0,u]H4
+ δΩ−10 (u)‖1‖L∞u L2[u0,u]H4‖|u|Lφ‖L∞u L2[u0,u]H4‖|u|(|u|∇/ )Lφ‖L2uH4(u0)
+ δΩ−10 (u)‖|u|Lφ‖L∞u L2[u0,u]H4FEA ·
(
δ|u|−1W (FA+ Ω20(u0)E 2)
) 1
8
+ δΩ−10 (u)FEA · (δ|u|−1(FA+ Ω20(u0)E 2))
1
2 .
(4.72)
Here ‖1‖L∞u L2[u0,u]H4 .
∣∣∣log |u1||u0| ∣∣∣ 12 will contribute for the logarithmic loss. We assume
‖Ω−10 |u|2(|u|∇/ )ω‖L∞u L1[u0,u]H4 . C
1
4Ω−10 (u)δFEW
1
2A. (4.73)
Then (4.72) implies, recalling the definition of E ,
‖Ω−10 |u|2(|u|∇/ )ω‖L1[u0,u]H4(u)
.δ|u|−1FA · C 14Ω−10 (u)δFEW
1
2A+ |u|− 12 · C 38Ω−10 (u)δ
3
2F
3
2EA 32
+ δ|u|−1FA · Ω−10 (u)δFEA
+ δΩ−10 (u)FEW
1
2A
+ δΩ−10 (u)FEW
1
2A · (δ|u|−1W (FA+ Ω20(u0)E 2)) 18
+ δΩ−10 (u)FEA · (δ|u|−1(FA+ Ω20(u0)E 2))
1
2
.δΩ−10 (u)FEW
1
2A.
(4.74)
If C0 is sufficiently large, this estimate improves (4.73) and this implies that (4.74) holds
without assuming (4.73).
Now we are ready to the estimate for ∇/ 5(Ωtrχ). Recall the equation for D(Ωtrχ):
D(Ωtrχ) = −1
2
(Ωtrχ)2 + 2ωΩtrχ− |Ωχ̂|2 − 2(Lφ)2. (4.75)
Apply ∇/ to the above equation, and write it in the following form:
D(Ω−2∇/ (Ωtrχ)) + Ωtrχ(Ω−2∇/ (Ωtrχ))
= 2Ω−2∇/ ω(Ωtrχ)− 2Ω−2(Ωχ̂) · ∇/ (Ωχ̂)− 4Ω−2Lφ∇/ Lφ. (4.76)
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The right hand side should be estimated in ‖|u|4 · ‖L1
[u0,u]
H4(u). The 1
st term is estimated
by, using ‖Ωtrχ‖H4(u,u) . |u|−1,
‖Ω−2|u|3(|u|∇/ )ωΩtrχ‖L1
[u0,u]
H4(u) . Ω−10 ‖Ω−10 |u|2(|u|∇/ )ω‖L1[u0,u]H4(u) . Ω
−2
0 δFEW
1
2A.
The 2nd term is estimated by,
‖Ω−2|u|3(|u|∇/ )(Ωχ̂) · (Ωχ̂)‖L1
[u0,u]
H4(u) . C
1
4 δFA‖Ω−20 |u|Ωχ̂‖L1[u0,u]H5(u)
.Ω−10 C
1
4 δFA‖|u|− 12 ‖L2
[u0,u]
‖Ω−10 |u|
3
2Ωχ̂‖L2
[u0,u]
H5(u) . C
1
2Ω−20 δ
2|u|−1F 2EW 12A2
.C−1Ω−20 δFEW
1
2A.
The last term is estimated by, using (4.50) and (4.13),
‖Ω−2|u|3(|u|∇/ )(Lφ) · Lφ‖L1
[u0,u]
H4(u)
.Ω−10 ‖Ω−1|u|2(|u|∇/ )(Lφ)‖L2[u0,u]H4(u)‖|u|Lφ‖L2[u0,u]H4(u)
.Ω−20 δFEW
1
2A.
Combining the above estimates, we have
‖|u|2(|u|∇/ )(Ωtrχ)‖H4(u,u) . δFEW
1
2A. (4.77)
Estimates for Ωχ̂ involving the top order derivatives: Consider the equation for
div/ (Ωχ̂):
div/ (Ωχ̂) =
1
2
∇/ (Ωtrχ) + Ωχ̂ · η − 1
2
Ωtrχη + (Ωβ + Lφ∇/ φ). (4.78)
Using (4.77), the right hand side is estimated in H4(u, u) by, using in particular (4.28),
. δ|u|−3FEW 12A+ |u|−1 · δ|u|−3FE (A+R) + ‖Ωβ + Lφ∇/ φ‖H4(u,u).
By elliptic estimate, using (4.33) by replacing O˜ by R+A− 12R 32 ,
‖Ωχ̂‖H5(u,u) .|u|‖div/ (Ωχ̂)‖H4(u,u) + E ‖Ωχ̂‖H4(u,u)
.δ|u|−2FEW 12 (A+R+A− 12R 32 ) + |u|‖Ωβ + Lφ∇/ φ‖H4(u,u).
Then
|u| 12 ‖Ω−10 |u|
3
2Ωχ̂‖L2
[u0,u]
H5(u)
.Ω−10 δFEW
1
2 (A+R+A− 12R 32 ) + |u|− 12 ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖
L2
[u0,u]
H4(u)
.Ω−10 δFEW
1
2 (A+R+A− 12R 32 ) + C 38Ω−10 |u|−
1
2 δ
3
2F
3
2EA 32
.Ω−10 δFEW
1
2 (A+R+A− 12R 32 ).
(4.79)
This concludes the estimate for ∇/ 5(Ωχ̂). We have completed the proof of Proposition 4.4.
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4.7. Estimates for R. Finally we turn to the estimates for R.
Proposition 4.5. Under the assumptions of Theorem 3.1 and the bootstrap assumptions
(4.1), we have
R . A.
Proof. The proof is by using the renormalized Bianchi equations. At first, we consider the
equations for D(Ωβ − Lφ∇/ φ)-DK-Dσˇ.
D(K − |u|−2) + ΩtrχK + div/ (Ωβ − Lφ∇/ φ)
− Ωχ̂ · ∇/ η + 1
2
Ωtrχdiv/ η + (Ωβ − Lφ∇/ φ) · η − Ωχ̂ · η · η + 1
2
Ωtrχ|η|2 = 0
Dσˇ +
3
2
Ωtrχσˇ + curl/ (Ωβ − Lφ∇/ φ) + 1
2
Ωχ̂ ∧ (η⊗̂η +∇/ ⊗̂η)
+ η ∧ (Ωβ − Lφ∇/ φ) + 2∇/ Lφ ∧∇/ φ = 0
D(Ωβ − Lφ∇/ φ) + 1
2
Ωtrχ(Ωβ − Lφ∇/ φ)− Ωχ̂ · (Ωβ − Lφ∇/ φ) + Ω2∇/ (K − |u|−2)− Ω2∗∇/ σˇ
+ 3Ω2(ηK − ∗ησˇ)− 1
2
Ω2(∇/ (χ̂, χ̂) + ∗∇/ (χ̂ ∧ χ̂))− 3
2
Ω2(η(χ̂, χ̂) + ∗η(χ̂ ∧ χ̂))
+
1
4
Ω2∇/ (trχtrχ) + 3
4
Ω2trχtrχη − 2Ωχ̂ · (Ωβ + Lφ∇/ φ)
=− 2Ω2∆/ φ∇/ φ+ Ω2∇/ |∇/ φ|2 − 2Ωχ̂ · ∇/ φLφ+ ΩtrχLφ∇/ φ
− 2Ω2η · ∇/ φ∇/ φ+ 2Ω2η|∇/ φ|2,
We compute
D(|u|2|(|u|∇/ )i(Ωβ − Lφ∇/ φ)|2dµg/) +D(Ω2|u|2|(|(|u|∇/ )i(K − |u|−2)|2 + |(|u|∇/ )iσˇ|2)dµg/)
=− |u|2+2i∇/ A(Ω2∇/ iB1···Bi(Ωβ − Lφ∇/ φ)A∇/
i,B1···Bi(K − |u|−2)
+ Ω2∇/ iB1···Bi∗(Ωβ − Lφ∇/ φ)A∇/
i,B1···Bi σˇ) + |u|2τ3
for 0 ≤ i ≤ 4, where τ3 contains no fifth order derivative of curvature components. The
weight |u|2 respects the coefficient 12 of the term 12Ωtrχ(Ωβ−Lφ∇/ φ) of the third equation.
By divergence theorem, we have
δ‖|u|2(Ωβ − Lφ∇/ φ)‖2L2uH4(u) + ‖|u|
5
2Ω(K − |u|−2, σˇ)‖2L2
[u0,u]
H4(u)
.δ‖|u|2(Ωβ − Lφ∇/ φ)‖2L2uH4(u0) + ‖|u|
5
2Ω(K − |u|−2, σˇ)‖2L2
[u0,u]
H4(0)
+
∫ δ
0
du′
∫ u
u0
du′
∫
Su′,u′
|u|2|τ3|dµg/
where ∫
Su′,u′
|u′|2|τ3|dµg/ .
∫
Su′,u′
|u′|2|τ3,1|dµg/ +
∫
Su′,u′
|u′|2|τ3,2|dµg/
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and the multiplier terms∫
Su′,u′
|u′|2|τ3,1|dµg/
.|u′|4‖Ωβ − Lφ∇/ φ‖24‖Ωtrχ+ 2|u′|−2,Ωχ̂‖4
+ |u′|4Ω20 · |u′|−1‖K − |u|−2, σˇ‖4‖Ωβ − Lφ∇/ φ‖4
+ |u′|4Ω20‖Ωβ − Lφ∇/ φ‖4‖η, η‖4‖K,K − |u|−2, σˇ‖4
+ |u′|4‖Ωβ − Lφ∇/ φ‖4|u′|−1(‖(|u′|∇/ )(Ωχ̂)‖4‖Ωχ̂‖4 + ‖Ωχ̂‖4(|u′|∇/ )(Ωχ̂)‖4)
+ |u′|4‖Ωβ − Lφ∇/ φ‖4|u′|−1(‖(|u′|∇/ )(Ωtrχ)‖4‖Ωtrχ‖4 + ‖Ωtrχ‖4‖(|u′|∇/ )(Ωtrχ)‖4)
+ |u′|4‖Ωβ − Lφ∇/ φ‖4
(‖η‖4‖Ωχ̂,Ωtrχ‖4‖Ωχ̂,Ωtrχ‖4)
+ |u′|4‖Ωβ − Lφ∇/ φ‖4‖Ωχ̂‖4‖Ωβ + Lφ∇/ φ‖4
+ |u′|4Ω20‖Ωβ − Lφ∇/ φ‖4‖∇/ φ‖4|u′|−1‖∇/ φ‖5
+ |u′|4‖Ωβ − Lφ∇/ φ‖4
(‖Ωχ̂,Ωtrχ‖4‖∇/ φ‖4‖Lφ‖4 + Ω20‖η‖4‖∇/ φ‖24)
+ |u′|4Ω20‖K − |u|−2, σˇ‖4‖Ωχ̂,Ωtrχ‖4(‖K,K − |u|−2, σˇ‖4 + |u′|−1‖η‖5)
+ |u′|4Ω20‖K − |u|−2, σˇ‖4‖‖Ωχ̂,Ωtrχ‖4‖η‖24
+ |u′|4Ω20‖σˇ‖4|u′|−1‖Lφ‖5‖∇/ φ‖4
+ |u′|4Ω20|ω|‖K − |u|−2, σˇ‖24
(4.80)
and commutation terms∫
Su′,u′
|u′|2|τ3,2|dµg/
.|u′|4‖Ωβ − Lφ∇/ φ‖4
(‖(|u′|∇/ )(Ωχ)‖2‖Ωβ − Lφ∇/ φ‖3 + Ω20(u′)|u′|‖K‖2‖K − |u|−2, σˇ‖4)
+ |u′|4Ω20(u′)‖K − |u|−2, σˇ‖4
(‖(|u′|∇/ )(Ωχ)‖3‖K − |u|−2, σˇ‖3 + |u′|‖K‖3‖Ωβ − Lφ∇/ φ‖4) .
(4.81)
(4.80) and (4.81) should be estimated in L1uL
1
u, similar to (4.41), (4.42) and (4.48) and
(4.49), although more terms are needed to estimate. To do the estimates, the basic rule
is that, we always place both |u′|2‖Ωβ − Lφ∇/ φ‖4 and Ω0|u′|3‖K − |u|−2, σˇ‖4 in L∞[u0,u]L2u.
The lower order derivatives of the connection coefficients and Lφ, ∇/ φ should be placed in
L∞u L∞[u0,u]H
4.
The 1st line of the right hand side is estimated by,
. δ|u|−1 · C 12F 2E 2A2 · C 14 δFA . C−1δF 2E 2A2.
The 2nd line is estimated by,
. δ|u|−1 · C 38 δF 32EA 32 · C 14FEA . C−1δF 2EA2.
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The 3rd line is estimated by, using (4.45) to estimate K,
. Ω0(u0)δ|u|−1 · C 14FEA · C 14 δFEW 12A ·F 12EA 12 . C− 12 δF 2E 2A2.
The 1st term of the 4th line is estimated by, placing |u′|‖(|u′|∇/ )(Ωχ̂)‖4 in L∞[u0,u]L2u,
. δ|u|−1 · C 14FEA · C 14FEA · C 14 δFA . C−1δF 2E 2A2.
The 1st term of the 5th line is estimated by, placing |u′|‖(|u′|∇/ )(Ωtrχ)‖5 in L∞u L∞[u0,u]
. δ|u|−1 · C 14FEA · C 12 δF 2EA2 · 1 . C−1δF 2E 2A2.
The 2nd terms of the 4th and 5th lines are estimated by, placing ‖Ω−10 |u′|
3
2 (|u′|∇/ )(Ωχ̂)‖5 in
L∞u L2[u0,u], and ‖|u′|2(|u′|∇/ )(Ωtrχ)‖5 in L∞u L∞[u0,u], and using the auxiliary condition (3.5),
. δ|u|−1 · C 14FEA · C 14FA · C 14Ω0(u0)Ω−10 δFEW
1
2A . C− 14 δF 2E 2A2.
The 6th line is estimated by
. δ|u|−1 · C 14FEA · C 14 δFEA · C 14FA · 1 . C−1δF 2E 2A2.
The 7th line is estimated by, placing ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖4 in L∞u L2[u0,u],
. δ|u|− 32 · C 14FEA · C 14FA · C 14Ω0(u0)Ω−10 δ
3
2F
3
2EA 32 . C−1δF 2E 2A2.
Here we have used the auxiliary condition (3.5). The 8th line is estimated by, placing
Ω0|u| 32 ‖∇/ φ‖5 in L∞[u0,u]L2u,
. Ω0(u0)δ|u|− 32 · C 14FEA · C 14 δFEA · C 14 δ 12FEA . C−1δF 2E 2A2.
The 1st term of the 9th line is estimated by, using ‖|u|Lφ‖L∞u L2[u0,u]H4 . W
1
2 ,
. δ|u|−1 · C 14FEA · C 14FA · C 14 δFEA ·W 12 . C−1δF 2E 2A2.
The 2nd term of the 9th line is estimated by,
. δ|u|−3 · C 14FEA · (C 14 δFEA)3 . C−1δF 2E 2A2.
The 10th and 13th lines are estimated in the same manner. ω has the worst estimate among
ω,Ωχ̂,Ωtrχ, and Ω0K has the worst estimate among Ω0K,Ω0(K − |u|−2),Ω0σˇ,Ω0|u|−1η
where Ω0|u|−1‖η‖5 is placed in L∞[u0,u]L2u. Then these two lines are estimated by
. δ|u|−1 · C 38 δF 32EA 32 · C 14FW 12A ·F 12EA 12 . C−1δF 2E 2A2.
The 11th line is estimated by
. Ω0(u0)δ|u|−3 · C 38 δF 32EA 32 · C 14FA · (C 14 δFEA)2 . C−1δF 2E 2A2.
The 12th line is estimated by, placing |u|‖Lφ‖5 in L∞[u0,u]L2u,
. Ω0(u0)δ|u|−2 · C 38 δF 32EA 32 · C 14FEA · C 14 δFEA . C− 18 δF 2E 2A2.
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Using the estimates (4.53) for K in H3(u, u), (4.81) can be estimated in a similar way,
by . δF 2E 2A2. Then we have, for K(u = 0) = |u|−2,
δ‖|u|2(Ωβ − Lφ∇/ φ)‖2L2uH4(u) + ‖|u|
5
2Ω0(K − |u|−2, σˇ)‖2L2
[u0,u]
H4(u)
.δ‖|u|2(Ωβ − Lφ∇/ φ)‖2L2uH4(u0) + δF
2E 2A2,
that is,
‖|u|2(Ωβ − Lφ∇/ φ)‖L2uH4(u) + δ−
1
2 ‖|u| 52Ω0(K − |u|−2, σˇ)‖L2
[u0,u]
H4(u) . FEA. (4.82)
Finally, we consider the equations for DK-Dσˇ-D(Ωβ + Lφ∇/ φ):
D(K − 1|u|2 ) +
3
2
Ωtrχ(K − 1|u|2 ) + (Ωtrχ+
2
|u|)
1
|u|2
=div/ (Ωβ + Lφ∇/ φ) + Ωχ̂ · ∇/ η + 1
2
Ωtrχµ
+ (Ωβ + Lφ∇/ φ) · η + Ωχ̂ · η · η − 1
2
Ωtrχ|η|2,
Dσˇ +
3
2
Ωtrχσˇ + curl/ (Ωβ + Lφ∇/ φ)
− 1
2
Ωχ̂ ∧ (η⊗̂η +∇/ ⊗̂η) + η ∧ (Ωβ + Lφ∇/ φ)− 2∇/ Lφ ∧∇/ φ = 0
D(Ωβ + Lφ∇/ φ) + 1
2
Ωtrχ(Ωβ + Lφ∇/ φ)− Ωχ̂ · (Ωβ + Lφ∇/ φ)− Ω2∇/ K − Ω2∗∇/ σˇ
− 3Ω2(ηK + ∗ησˇ) + 1
2
Ω2(∇/ (χ̂, χ̂)− ∗∇/ (χ̂ ∧ χ̂)) + 3
2
Ω2(η(χ̂, χ̂) + ∗η(χ̂ ∧ χ̂))
− 1
4
Ω2∇/ (trχtrχ)− 3
4
Ω2trχtrχη − 2Ωχ̂ · (Ωβ − Lφ∇/ φ)
=2Ω2∆/ φ∇/ φ− Ω2∇/ |∇/ φ|2 + 2Ωχ̂ · ∇/ φLφ− ΩtrχLφ∇/ φ
+ 2Ω2η · ∇/ φ∇/ φ− 2Ω2η|∇/ φ|2.
Recall that we write the equation DK in the form:
D(K − 1|u|2 ) +
3
2
Ωtrχ(K − 1|u|2 ) = · · ·
in order to obtain good enough estimates. However, we have two terms which are still not
good enough:
(Ωtrχ+
2
|u|)
1
|u|2 ,
1
2
Ωtrχµ.
Fortunately, these two terms have better bounds after taking derivatives, in view of two
improved estimates (4.37), (4.59) for Ωtrχ and µ respectively. So we will firstly estimate
the derivatives of K − |u|−2, σˇ, Ωβ + Lφ∇/ φ.
Write
D(|u|4(|(|u|∇/ )i(K − |u|−2)|2 + |(|u|∇/ )iσˇ|2)dµg/)
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+D(Ω−2|u|4|(|u|∇/ )i(Ωβ + Lφ∇/ φ)|2dµg/)
=|u|4+2i∇/ A(∇/ iB1···Bi(Ωβ + Lφ∇/ φ)A∇/
i,B1···Bi(K − |u|−2)
+∇/ iB1···Bi∗(Ωβ − Lφ∇/ φ)A∇/
i,B1···Bi σˇ) + |u|4τ4
for 1 ≤ i ≤ 4, where τ4 contains no fifth order derivative of curvature components. By
divergence theorem, we have
Ω20(u)δ‖|u|3(|u|∇/ )i(K − |u|−2, σˇ)‖2L2uL2(u) + Ω
2
0(u)‖Ω−1|u|
7
2 (|u|∇/ )i(Ωβ + Lφ∇/ φ)‖2L2
[u0,u]
L2(u)
.Ω20(u)δ‖|u|3(|u|∇/ )i(K − |u|−2, σˇ)‖2L2uL2(u0) + Ω
2
0(u)‖Ω−1|u|
7
2 (|u|∇/ )i(Ωβ + Lφ∇/ φ)‖2L2
[u0,u]
L4(0)
+
∫ δ
0
du′
∫ u
u0
du′
∫
Su′,u′
Ω20(u)|u|4|τ4|dµg/
where∫
Su′,u′
Ω20(u)|u′|4|τ4|dµg/ .
∫
Su′,u′
Ω20(u)|u′|4|τ4,1|dµg/ +
∫
Su′,u′
Ω20(u)|u′|4|τ4,2|dµg/
and the multiplier terms∫
Su′,u′
Ω20(u)|u′|4|τ4,1|dµg/
.Ω20(u)Ω−20 (u′)
[|u′|6‖Ωβ + Lφ∇/ φ‖24(|ω|+ ‖Ωtrχ,Ωχ̂‖4)
+ |u′|6Ω20 · |u′|−1‖K − |u|−2, σˇ‖4‖Ωβ + Lφ∇/ φ‖4
+ |u′|6Ω20‖Ωβ + Lφ∇/ φ‖4‖η, η‖4‖K,K − |u|−2, σˇ‖4
+ |u′|6‖Ωβ + Lφ∇/ φ‖4|u′|−1(‖(|u′|∇/ )(Ωχ̂)‖4‖Ωχ̂‖4 + ‖Ωχ̂‖4(|u′|∇/ )(Ωχ̂)‖4)
+ |u′|6‖Ωβ + Lφ∇/ φ‖4|u′|−1(‖(|u′|∇/ )(Ωtrχ)‖4‖Ωtrχ‖4 + ‖Ωtrχ‖4‖(|u′|∇/ )(Ωtrχ)‖4)
+ |u′|6‖Ωβ + Lφ∇/ φ‖4
(‖η‖4‖Ωχ̂,Ωtrχ‖4‖Ωχ̂,Ωtrχ‖4)
+ |u′|6‖Ωβ + Lφ∇/ φ‖4‖Ωχ̂‖4‖Ωβ − Lφ∇/ φ‖4
+ |u′|6Ω20‖Ωβ + Lφ∇/ φ‖4‖∇/ φ‖4|u′|−1‖∇/ φ‖5
+|u′|6‖Ωβ + Lφ∇/ φ‖4
(‖Ωχ̂,Ωtrχ‖4‖∇/ φ‖4‖Lφ‖4 + Ω20‖η‖4‖∇/ φ‖24)]
+ |u′|6Ω20‖K − |u|−2, σˇ‖4‖Ωχ̂,Ωtrχ+ 2|u|−1‖4(‖K − |u|−2, σˇ‖4 + |u′|−1‖η‖5)
+ |u′|6Ω20‖K − |u|−2, σˇ‖4‖‖Ωχ̂,Ωtrχ‖4‖η‖24
+ |u′|6Ω20‖σˇ‖4|u′|−1‖(|u|∇/ )Lφ‖4‖∇/ φ‖4
+ |u′|6Ω20‖K − |u|−2‖4((|u|−2 + ‖µ‖3)‖(|u|∇/ )(Ωtrχ)‖3 + ‖Ωtrχ‖4‖(|u|∇/ )µ‖3)
(4.83)
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and commutation terms∫
Su′,u′
Ω20(u)|u′|4|τ4,2|dµg/
.Ω20(u)Ω−20 (u′)|u′|6‖Ωβ + Lφ∇/ φ‖4
(‖(|u′|∇/ )(Ωχ)‖3‖Ωβ + Lφ∇/ φ‖3 + Ω20(u′)|u′|‖K‖2‖K − |u|−2, σˇ‖4)
+ |u′|6Ω20(u′)‖K − |u|−2, σˇ‖4
(‖(|u′|∇/ )(Ωχ)‖2‖K − |u|−2, σˇ‖3 + |u′|‖K‖3‖Ωβ + Lφ∇/ φ‖4) .
(4.84)
(4.83) and (4.84) should be estimated in L1uL1u. In the following estimate, ‖Ω−10 |u|
7
2 (Ωβ+
Lφ∇/ φ)‖4 should be placed in L∞u L2[u0,u]. We remark that all terms of the last line of (4.83)
contain a factor that is either the derivatives of Ωtrχ or the derivatives of µ, which have
better estimates. This is because we are considering the derivatives of K − |u|−2, σˇ and
Ωβ + Lφ∇/ φ but not themselves.
We begin the estimates. The 1st line of the right hand side of (4.84) is estimated by,
. δ|u|−1 · C 34 δ3F 3E 2A3 · C 14FW 12A . C−1δ3F 3E 2A3.
The 2nd line is estimated by,
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 38 δ 32F 32EA 32 . C− 14 δ3F 3E 2A3.
To estimate the 3rd line, we need a refined version of the estimate (4.45) for K:
Ω0‖K‖L2uH4(u) . Ω0|u|−2 + C
3
8 δ|u|−3F 32EA 32 . Ω0|u|−2 + C− 32 |u|−2F 12EA 12 .
Then the 3rd line is estimated by
.Ω0δ|u|− 12 · C 38 δ 32F 32EA 32 · C 14 δFEA · [Ω0 + C− 32F 12EA 12 ]
.C− 18 δ3F 52E 2A 52 + C− 34 δ3F 3E 2A3 . C− 18 δ3F 3E 2A3.
The 1st term of the 4th line is estimated by, placing |u′|‖(|u′|∇/ )(Ωχ̂)‖4 in L∞[u0,u]L2u,
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 14FEA · C 14 δFA . C− 18 δ3F 3E 2A3.
The 1st term of the 5th line is estimated by, placing |u′|‖(|u′|∇/ )(Ωtrχ)‖4 in L∞u L∞[u0,u]
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 12 δF 2EA2 · 1 . C− 18 δ3F 3E 2A3.
The 2nd terms of the 4th and 5th lines are estimated by, placing ‖Ω−10 |u′|
3
2 (|u′|∇/ )(Ωχ̂)‖5 in
L∞u L2[u0,u], and ‖|u′|2(|u′|∇/ )(Ωtrχ)‖5 in L∞u L∞[u0,u],
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 14FA · C 14 δFEW 12A . C− 18 δ3F 3E 2A3.
The 6th line is estimated by
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 14 δFEW 12A · C 14FA · 1 . C− 18 δ3F 3E 2A3.
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The 7th line is estimated by,
. δ|u|− 12 · C 38 δ 32F 32EA 32 · C 14 δFA · C 14FEA . C− 18 δ3F 3E 2A3.
The 8th line is estimated by, placing Ω0|u| 32 ‖∇/ φ‖5 in L∞[u0,u]L2u,
. Ω0δ|u|−1 · C 38 δ 32F 32EA 32 · C 14 δFEA · C 14 δ 12FEA . C− 18 δ3F 3E 2A3.
The 1st term of the 9th line is estimated by,
. δ|u|− 12 · C 38 δ 32F 32EA 32 · 1 · C 14 δFEA · C 14FA . C− 18 δ3F 3E 2A3.
The 2nd term of the 9th line is estimated by,
. Ω20δ|u|−
5
2 · C 38 δ 32F 32EA 32 · (C 14 δFEW 12A)3 . C−1δ3F 3E 2A3.
The 10th line is estimated by, placing Ω0|u|−1‖η‖5 in L∞[u0,u]L2u,
. δ|u|− 12 · C 38 δF 32EA 32 · C 14 δFW 12A · C 14 δ 12FEA . C− 18 δ3F 3E 2A3.
The 11th line is estimated by
. Ω0δ|u|−1 · C 38 δF 32EA 32 · 1 · (C 14 δFEA)2 . C− 18 δ3F 3E 2A3.
The 12th line is estimated by, placing ‖Ω−10 |u|
3
4Lφ‖5 in L∞u L2[u0,u],
. Ω0δ|u|−1 · C 38 δF 32EA 32 · C 14 δFEA · C 14 δFEA . C−1δ3F 3E 2A3.
To estimate the last line, we should use two improved estimates (4.37) and (4.59). From
(4.55), we know ‖µ‖3 . C−2Ω−10 |u|−2F
1
2EA 12 , then the last line is then estimated by
. δ|u|− 12 · C 38 δF 32EA 32 ·(C−2F 12EA 12 · C 14 δ 32FEW 12A
+ 1 · C 12 δ 32F 2EW 12A2) . C− 18 δ3F 3E 2A3.
The commutation terms (4.84) can be estimated similarly to the estimate of (4.81),
using (4.53) for the Gauss curvature K. It is easily find that∫ δ
0
du′
∫ u
u0
du′
∫
Su′,u′
Ω20(u)|u′|4|τ4,2|dµg/ . δ3F 3E 2A3.
Therefore, since β(u = 0) = 0, for 1 ≤ i ≤ 4,
Ω20(u)δ‖|u|3(|u|∇/ )i(K − |u|−2, σˇ)‖2L2uL2(u) + Ω
2
0(u)‖Ω−20 |u|
7
2 (|u|∇/ )i(Ωβ + Lφ∇/ φ)‖2L2
[u0,u]
L2(u)
.Ω20(u)δ‖|u|3(|u|∇/ )i(K − |u|−2, σˇ)‖2L2uL2(u0) + δ
3F 3E 2A3
which means
Ω0‖|u|3(|u|∇/ )i(K − |u|−2, σˇ)‖L2uL2(u)
+ Ω0δ
− 1
2 ‖Ω−10 |u|
7
2 (|u|∇/ )i(Ωβ + Lφ∇/ φ)‖L2
[u0,u]
L2(u) . δF
3
2EA 32 . (4.85)
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It remains to estimate the zeroth order bound of K and Ωβ + Lφ∇/ φ, that is, to show
Ω0‖|u|3(K − |u|−2, σˇ)‖L2uL2(u) + Ω0δ−
1
2 ‖Ω−10 |u|
7
2 (Ωβ + Lφ∇/ φ)‖L2
[u0,u]
L2(u) . δF
3
2EA 32 .
For K, this is followed from (4.52) and Ω0 ≤ 1. For σˇ and Ωβ + Lφ∇/ φ, this is followed
from directly integrating the Bianchi equation for Dσˇ and D(Ωβ+Lφ∇/ φ). The reason for
why this works is simple. Remember that the zeroth order quantity cannot be estimated
because we have two bad terms |u|−2(Ωtrχ+2|u|−1) and 12Ωtrχµ whose estimates are good
enough only after we take derivatives on them. However, both of these two terms come
from the equation for D(K − |u|−2). This means when we directly integrate the equations
for Dσˇ and D(Ωβ + Lφ∇/ φ), we will not encounter these two terms. The price is that we
will lose derivative because we will encounter curl/ (Ωβ + Lφ∇/ φ) and ∇/ K,∇/ σˇ. But this
still works because we are only dealing with the zeroth order.
Finally, we have completed the proof of Proposition 4.5.
Combining all the propositions proved above then concludes the proof of Theorem 3.1.
5. Formation of trapped surfaces
In this section, we prove a formation of trapped surfaces theorem. The theorem we will
prove is the following:
Theorem 5.1 (Formation of trapped surfaces). There exists a universal constant C1 ≥ C0
such that the following statement is true. Consider the same characteristic initial value
problem as in Theorem 3.1 and letF , A, E be defined as in Theorem 3.1 with three numbers
δ, u0 < u1 < 0. Suppose that the initial data given on C0 is spherically symmetric with
Ω(u0) ≤ 1, and
A ≤ a (5.1)
for some constant a ≥ 1. Suppose also that C ≥ C1 and
Ω20(u0)Fa ≥ C−2Ω40(u0)E 2. (5.2)
Then the smooth solution of the Einstein-scalar field equations exists for 0 ≤ u ≤ δ,
u0 ≤ u ≤ u1, where u1 is defined by
Ω20(u1)|u1| = C2Ω20(u0)δFa. (5.3)
If in addition
inf
ϑ∈S2
∫ δ
0
|u0|2(|Ωχ̂|2 + 2|Lφ|2)(u′, u0, ϑ)du′ ≥ 17C2Ω20(u0)δFa, (5.4)
together with
Ω20(u0)Fa ≥ 16C−2
(∫ u1
u0
Ω20h|ψ|
|u′| du
′
)2
, (5.5)
hold, then the sphere Sδ,u1 is a closed trapped surface.
INSTABILITY OF SPHERICAL NAKED SINGULARITIES 69
Proof. First of all, we shall prove the solution exists in the region 0 ≤ u ≤ δ, u0 ≤ u ≤ u1
by applying Theorem 3.1. We should verify δ and u1 defined by (5.3) satisfies the smallness
and auxiliary conditions (3.4) and (3.5). By (5.1), (5.2) and (5.3), we have
max
{
Ω20(u0)δ|u1|−1E 2, C2δ|u1|−1FA
} ≤ C2δ|u1|−1Fa ≤ Ω20(u1)
Ω20(u0)
≤ W −1,
where we use the fact that x| log x| ≤ 1 for x ∈ (0, 1]. This verifies both the smallness
conditions and the auxiliary condition, if C ≥ C1 ≥ C0. As a consequence, the estimates
stated in Theorem 3.1 also hold.
The next step is to improve the estimates for η and ∇/ φ for up to the third order
derivatives. We will prove
Proposition 5.1. Suppose that the assumptions and conclusions in Theorem 3.1 hold,
with C ≥ C1 ≥ C0. Then if C1 is sufficiently large,
‖∇/ φ‖H3(u,u), ‖η‖H3(u,u),W −
1
2 ‖η‖H3(u,u) . δ|u|−2FA.
Proof. From the equation (4.17), we have
‖∇/ φ‖H3(u,u) . δ|u|−1‖Lφ‖L∞u H4(u) . δ|u|−2FA. (5.6)
We plug two Codazzi equations (4.65) and (4.78) in two transport equations (4.27) and
(4.29). We have two equations
Dη = Ωtrχη − 2Lφ∇/ φ+ div/ (Ωχ̂)− 1
2
∇/ (Ωtrχ). (5.7)
Dη = Ωtrχη − 2Lφ∇/ φ+ div/ (Ωχ̂)− 1
2
∇/ (Ωtrχ). (5.8)
We assume
‖η‖H3(u,u) . C
1
4 δ|u|−2FW 12A. (5.9)
Then from equation (5.7), we have
‖η‖H3(u,u) .δ‖Ωtrχη, 2Lφ∇/ φ,∇/ (Ωtrχ)‖L∞u H3(u) + δ|u|−1‖Ωχ̂‖L∞u H4(u)
.δ|u|−1FA · C 14 δ|u|−2FW 12A+ δ · |u|−2FA . δ|u|−2FA.
(5.10)
Then from the equation (5.8) and the above estimate (5.10), we have
‖|u|η‖H3(u,u) .‖|u|2(Ωtrχη, Lφ∇/ φ,∇/ (Ωtrχ))‖L1
[u0,u]
H3(u) + ‖|u|Ωχ̂‖L1
[u0,u]
H4(u)
.δ|u|−1FW 12A.
(5.11)
Then this improves (5.9) when C1 is sufficiently large, which implies that the estimates
(5.10) and (5.11) hold without assuming (5.9). We have completed the improved estimates.
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Then we begin to prove that at Sδ,u1 , trχ
′,Ωtrχ < 0. That Ωtrχ < 0 is followed easily
by, for any u ∈ [0, δ], u ∈ [u0, u1], ϑ ∈ S2,∣∣∣∣Ωtrχ(u, u, ϑ) + 2|u|
∣∣∣∣ ≤ cδ|u|−2FA ≤ cC−1|u| ≤ 1|u|
if C1 is sufficiently large.
In the rest of the proof, the estimates are derived for any particular ϑ ∈ S2
and we only need to prove trχ′(δ, u1, ϑ) < 0. We integrate the equation (4.25) along the u
curve at any u ∈ [u0, u1], we have∣∣∣∣trχ′ − 2h|u|
∣∣∣∣ . δ sup
u
|Ωtrχ| sup
u
|trχ′|+ Ω−20 (u)|u|−2
∫ δ
0
|u|2(|Ωχ̂|2 + 2|Lφ|2)du. (5.12)
Therefore, we have
|trχ′| . 1|u| + δ|u|
−1FA sup
u
|trχ′|+ Ω−20 (u)|u|−2
∫ δ
0
|u|2(|Ωχ̂|2 + 2|Lφ|2)du.
If C1 is sufficiently large such that the second term on the right hand side can be absorbed
by the left hand side, we have
|trχ′| . 1|u| + Ω
−2
0 (u)|u|−2
∫ δ
0
|u|2(|Ωχ̂|2 + 2|Lφ|2)du. (5.13)
Substitute this back to (5.12) we have∣∣∣∣trχ′ − 2h|u|
∣∣∣∣ . δ|u|−2FA+ Ω−20 (u)|u|−2 ∫ δ
0
|u|2(|Ωχ̂|2 + 2|Lφ|2)du. (5.14)
Now we turn to the equations (4.23) and (4.14), and compute
∂
∂u
(|u|2|Ωχ̂|2 + 2|u|2|Lφ|2) = 2|u|2〈Ω2(∇/ ⊗̂η + η⊗̂η +∇/ φ⊗̂∇/ φ)−∇/ b(Ωχ̂),Ωχ̂〉
+ 4|u|(Ω2∆/ φ+ 2Ω2〈η,∇/ φ〉 − ∇/ bLφ) · (|u|Lφ)−
(
Ωtrχ+
2
|u|
)
(|u|2|Ωχ̂|2 + 2|u|2|Lφ|2)
− Ωtrχ|u|2〈Ωχ̂,Ωχ̂〉 − 2Ωtrχ|u|Lφ · |u|Lφ,
(5.15)
where b is a vector field satisfying Db = −4Ω2ζ], which implies, together with (5.10),
(5.11), and b(u = 0) = 0,
|b| . Ω20δ2|u|−2FW
1
2A. (5.16)
Using the (5.10), (5.11), (5.16), and the Sobolev inequalities, the first two lines of the
right hand side can be bounded in L∞ with improved estimates. We then integrate (5.15)
along the u curve (but not the integral curve of D), and the right hand side should be
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estimated in
∫ u
u0
| · |du′ = ∫ uu0 | · |(u, u′, ϑ)du′. The first two terms of the right hand side are
estimated by
.
∫ u
u0
Ω2(u′) · δ|u′|−2FA · (|u||Ωχ̂|+ |u||Lφ|)du′.
The 3rd term of the right hand side is estimated by
. δFA
∫ u
u0
|u′|−2(|u′|2|Ωχ̂|2 + 2|u′|2|Lφ|2)du′.
The 1st term of the 3rd line is estimated by, using (5.13) to estimate Ωtrχ,
.δFA
∫ u
u0
|u′|−1(|u′||Ωχ̂|)
(
Ω20(u
′)
|u′| + |u
′|−2
∫ δ
0
|u′|2(|Ωχ̂|2 + 2|Lφ|2)du
)
du′
.δFAΩ20(u0)
∫ u
u0
|u′|−2 · |u′||Ωχ̂|du′ + δ|u|−2F 2A2 sup
u0≤u′≤u
∫ δ
0
|u′|2 (|Ωχ̂|2 + 2|Lφ|2) du
The last term should be estimated more carefully. We estimate, using (5.13) and (5.14),∫ u
u0
∣∣∣∣Ωtrχ|u′|Lφ · |u′|Lφ− 2Ω2hψ|u′| |u′|Lφ
∣∣∣∣ du′
.
∫ u
u0
∣∣∣∣Ωtrχ− 2Ω2h|u′|
∣∣∣∣ · ψ|u′||Lφ|du′ + ∫ u
u0
|Ωtrχ|||u′|Lφ− ψ||u′||Lφ|du′
.Ω20δFA
∫ u
u0
|u′|−2|ψ| · |u′||Lφ|du′ +FA
∫ u
u0
|u′|−2|ψ|du′ sup
u0≤u′≤u
∫ δ
0
|u′|2(|Ωχ̂|2 + 2|Lφ|2)du
+ Ω20
∫ u
u0
|u′|−1||u′|Lφ− ψ| · |u′||Lφ|du′
+FA
∫ u
u0
|u′|−2||u′|Lφ− ψ|du′ sup
u0≤u′≤u
∫ δ
0
|u′|2(|Ωχ̂|2 + 2|Lφ|2)du
.Ω20δFA
∫ u
u0
|u′|−2|ψ| · |u′||Lφ|du′ + |u|−1FW 12A sup
u0≤u′≤u
∫ δ
0
|u′|2(|Ωχ̂|2 + 2|Lφ|2)du
+ Ω20
∫ u
u0
|u′|−1||u′|Lφ− ψ| · |u′||Lφ|du′ + δ|u|−2F 2A2 sup
u0≤u′≤u
∫ δ
0
|u′|2(|Ωχ̂|2 + 2|Lφ|2)du.
Integrating (5.15), using the above all estimates, for some universal c,
± {[|u|2|Ωχ̂|2 + 2|u|2|Lφ|2](u, u, ϑ)− [|u|2|Ωχ̂|2 + 2|u|2|Lφ|2](u, u0, ϑ)}
≤c|u|−1FAW 12 sup
u0≤u′≤u
∫ δ
0
[|u′|2(|Ωχ̂|2 + 2|Lφ|2)](u′, u, ϑ)du′
+ cδFA
∫ u
u0
|u′|−2(|u′|2|Ωχ̂|2 + 2|u′|2|Lφ|2)(u, u′, ϑ)du′ +
∫ u
u0
4Ω20h|ψ|
|u′| · |u
′||Lφ|(u, u′, ϑ)du′
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+ cΩ20(u0)δFA
∫ u
u0
|u′|−2(1 + |ψ|) · (|u′||Lφ|+ |u′||Ωχ̂|)(u, u′, ϑ)du′
+ cΩ20(u0)
∫ u
u0
|u′|−1||u′|Lφ(u, u′, ϑ)− ψ(u′)| · |u′||Lφ|(u, u′, ϑ)du′.
Now integrate the above inequality over u, and assume, for all u ∈ [u0, u1],∫ δ
0
[|u|2(|Ωχ̂|2 + 2|Lφ|2)](u′, u, ϑ)du′ ≤ 2
∫ δ
0
[|u′|2(|Ωχ̂|2 + 2|Lφ|2)](u′, u0, ϑ)du′ , 2I0(ϑ),
(5.17)
we have, for C1 sufficiently large, using (5.4) and (5.5),∣∣∣∣∫ δ
0
[|u|2|Ωχ̂|2 + 2|u|2|Lφ|2](u′, u, ϑ)du′ − I0(ϑ)
∣∣∣∣
≤cC−1 · (I0(ϑ) + Ω20(u0)δ
1
2 I
1
2
0 (ϑ)) + 4δ
1
2 I
1
2
0 (ϑ)
∫ u
u0
Ω20h|ψ|
|u′| du
′ ≤ 1
2
I0(ϑ).
This improves (5.17) and therefore holds without assuming (5.17). On the other hand, we
derive that for any u ∈ [u0, u1],∫ δ
0
[|u|2|Ωχ̂|2 + 2|u|2|Lφ|2](u′, u, ϑ)du′ ≥ 1
2
I0(ϑ)
From this inequality, (5.4) and (5.3), we have, in particular,∫ δ
0
[|u1|2|Ωχ̂|2 + 2|u1|2|Lφ|2](u′, u1, ϑ)du′ ≥ 17
2
Ω20(u1)|u1|. (5.18)
Now we integrate again the equation (4.25) along u curve at u = u1, using the estimate
(4.8), we have, for C1 sufficiently large,
trχ′(δ, u1, ϑ)− 2h(u1)|u1| ≤ −
∫ δ
0
Ω−2(|Ωχ̂|2 + 2|Lφ|2)(u′, u1, ϑ)du′
≤− 1
4
Ω−20 (u1)
∫ δ
0
(|Ωχ̂|2 + 2|Lφ|2)(u′, u1, ϑ)du′
≤− 17
16
· 2|u1|
which implies trχ′(δ, u1, ϑ) < 0.
As a special case, we have
Theorem 5.2. Consider the characteristic initial value problem as in Theorem 3.1. Sup-
pose that the initial data on C0 is spherically symmetric with Ω0(u0) ≤ 1 and the data on
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Cu0 obeys
max
{
sup
u0≤u≤u1
|ϕ(u)|, |u0| sup
0≤u≤δ
(‖Ωχ̂‖H7(u,u0) + ‖ω,Lφ‖H5(u,u0))
}
≤ Ω20(u0)a
∣∣∣∣log |u1||u0|
∣∣∣∣
for some a ≥ 1. Then the smooth solution of the Einstein-scalar field equations exists for
0 ≤ u ≤ δ, u0 ≤ u ≤ u1 where u1 is defined by
Ω20(u1)|u1| = C2Ω40(u0)δa
∣∣∣∣log |u1||u0|
∣∣∣∣ (5.19)
for some C ≥ C1 where C1 is given in Theorem 5.1. If in addition
inf
ϑ∈S2
∫ δ
0
|u0|2(|Ωχ̂|2 + 2|Lφ|2)(u′, u0, ϑ)du′ ≥ 17C2Ω40(u0)δa
∣∣∣∣log |u1||u0|
∣∣∣∣ , (5.20)
and C ≥ max{C1, 4}, then the sphere Sδ,u1 is a closed trapped surface.
Proof. To conclude that Sδ,u1 is a closed trapped surface, we only need to verify (5.2) and
(5.5) in Theorem 5.1 for F (u0, u1) = Ω20(u0)
∣∣∣log |u1||u0| ∣∣∣. Indeed, by the definition of A, we
have
‖|u0|(|u0|∇/ )Lφ‖L2
[0,δ]
H4(u0) ≤ FA,
and therefore
E 2 ≤
∣∣∣∣log |u1||u0|
∣∣∣∣ ≤ C2Ω−20 (u0)FA.
This verifies (5.2). On the other hand, if C ≥ 4,∫ u1
u0
Ω20h|ψ|
|u′| du
′ ≤ Ω20(u0)
∣∣∣∣log |u1||u0|
∣∣∣∣ 12 ≤ C4 Ω0(u0)√FA.
This verifies (5.5).
6. Instability theorems
In this section, we will prove the following instability theorem.
Theorem 6.1. Suppose that the smooth initial data given on Cu0
⋃
C0 satisfies the fol-
lowing properties. The data on C0 is spherically symmetric, and
m
r does not tend to zero
when r → 0+. The data on Cu0 , given on a fixed intervel, say u ∈ [0, 1], is arbitrary. Then
the following statements are true:
Case 1: If ϕ(u) is not bounded as u → 0−, then there exists two sequences δn → 0+,
u0,n → 0− such that the smooth solution of the Einstein-scalar field equaitons exists for
0 ≤ u ≤ δn, u0 ≤ u ≤ u0,n and the assumptions of Theorem 5.2 hold for δ = δn, u0 = u0,n
for all n. Consequently, there exists a sequence u1,n → 0− such that the solution remains
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smooth for 0 ≤ u ≤ δn, u0,n ≤ u0 ≤ u1,n and Sδn,u1,n are closed trapped surfaces for all n.
Case 2: Suppose that ϕ(u) is bounded for all u ∈ [u0, 0). Denote
f(u˜; γ) =
1
δ˜(u˜; γ)
inf
ϑ∈S2
∫ δ˜(u˜;γ)
0
(|u0|2|Ωχ̂(u, u0, ϑ)|2 + ||u0|Lφ(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0))|2)du
(6.1)
where δ˜(u˜; γ) is a function of u˜ defined through
Ω˜2−γ =17C2Ω˜4
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ , (6.2)
Ω˜2∗|u˜∗| =C2Ω˜4δ˜
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ , (6.3)
where Ω˜ = Ω0(u˜) and Ω˜∗ = Ω0(u˜∗), γ ∈ (0, 2) and C ≥ max{C1, 4} where C1 is given in
Theorem 5.1. Then there exists some ε0 > 0 such that if we can find some u˜ such that
|u˜| < ε0 and
Ωγ−20 (u˜)f(u˜; γ) ≥ 2 (6.4)
for some γ ∈ (0, 2), then the smooth solution of the Einstein-scalar field equations exists
for 0 ≤ δ ≤ δ˜, u0 ≤ u ≤ u˜ and the assumptions of Theorem 5.2 hold for δ = δ˜, u0 = u˜.
Consequently, there exists some u˜∗ such that the solution remains smooth for 0 ≤ u ≤ δ˜,
u˜ ≤ u ≤ u˜∗ and Sδ˜,u˜∗ is a closed trapped surface.
We have the following direct corollary.
Corollary 6.1. If in addition to the assumptions of 6.1 in Case 2, we have
lim sup
u˜→0−
Ωγ−20 (u˜)f(u˜; γ) > 2
for some γ ∈ (0, 2), then there exist two sequences δ˜n → 0+, u˜0,n → 0−, such that the
smooth solution of the Einstein-scalar field equations exists for 0 ≤ δ ≤ δ˜n, u0 ≤ u ≤ u˜0,n
and the assumptions of Theorem 5.2 hold for δ = δ˜n, u0 = u˜0,n for all n. Consequently,
there exists a sequence u˜1,n → 0− such that the solution remains smooth for 0 ≤ u ≤ δ˜n,
u˜0,n ≤ u ≤ u˜1,n and Sδ˜,u˜1,n are closed trapped surfaces for all n.
From the smoothness assumption on the initial data on Cu0 in Theorem 6.1, there always
exist some A ≥ 1 such that
|u0| sup
u∈[0,1]
(‖Ωχ̂‖H10(u,u0) + ‖ω‖H8(u,u0) + ‖Lφ‖H8(u,u0)) ≤ A. (6.5)
Additionally, there also exists some E′ such that
|u0|‖Lφ− Lφ‖H1uH8(u0) = |u0|
(∫ δ
0
‖D(Lφ− Lφ)‖H8(u,u0)du
) 1
2
≤ E′, (6.6)
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which implies that for some E,
sup
δ∈(0,1]
‖|u0|(|u0|∇/ )Lφ‖2L2
[0,δ]
H7(u0)
∣∣∣∣log C2δ|u0|
∣∣∣∣ ≤ E (6.7)
The smoothness is needed to guarantee the existence of the solution but the quantitative
behaviors of the solution we need in the proof will only depend on A and E.
Proof of Case 1. In this case, ϕ(u) is not bounded as u→ 0−. There exists a sequence of
u0,n → 0 such that ϕn = ϕ(u0,n)→∞ and
|ϕn| = sup
u0≤u′≤u0,n
|ϕ(u′)|.
Define δn, u1,n in terms of u0,n by
ϕ2n
2
=17C2Ω4n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ , (6.8)
Ω21,n|u1,n| =C2Ω4nδn
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ (6.9)
where Ωn = Ω0(u0,n), Ω1,n = Ω0(u1,n). And we may choose some N1 such that for n > N1,
Ω2n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ = C−2Ω−2n ϕ2n34 ≥ 1, (6.10)
and this implies, together with (6.9),
C2δn ≤ |u1,n|. (6.11)
First of all, we shall prove
Proposition 6.1. Setting the function F to be
Fn = F (δn, u0, u0,n) = sup
u0≤u′≤u0,n
|ϕ(u′)| = |ϕn|.
Then there exists some N2 such that for n > N2, |ϕn| ≥ 1 and the solution of the Einstein
equations exists in the region 0 ≤ u ≤ δn, u0 ≤ u ≤ u0,n, and the estimates stated in
Theorem 3.1 hold.
Proof. We only need to verify the smallness conditions (3.4) and the auxiliary condition
(3.5) for Fn. From the (6.5) and ϕn → ∞, there exists some n1 such that the corre-
sponding An = A(δn, u0, u0,n) is uniformly bounded by 1 for n > n1. We also denote the
corresponding functions E ,W by En,Wn.
Substitute (6.11) to (6.8), we have
δn ≤ C−2|u1,n| ≤ C−2|u0,n|e−C−2Ω
−4
n
ϕ2n
34 , (6.12)
then
C2δn|u0,n|−1FnWnAn ≤ e−C−2Ω
−4
n
ϕ2n
34 · |ϕn| ·
∣∣∣∣log ΩnΩ0(u0)
∣∣∣∣ .
76 JUNBIN LI AND JUE LIU
The right hand side tends to zero as n → ∞. Because C ≥ C1 ≥ C0 where C0 is given
in Theorem 3.1, there exists some n2 such that for some n > n2, the second one of the
smallness conditions (3.4) holds. From (6.7) and (6.11) we have E 2n ≤ E for sufficiently
large n and hence
Ω20(u0)δn|u0,n|−1E 2nWn ≤ C−2
∣∣∣∣log ΩnΩ0(u0)
∣∣∣∣ e−C−2Ω−4n ϕ2n34 E
where the right hand side also tends to zero. This verifies the first one of the smallness
conditions (3.4) for n > n3 where n3 is some positive integer. We also compute
δn|u0,n|−1FnWnAnΩ20(u0)Ω−2n ≤ C−2e−C
−2Ω−4n
ϕ2n
34 · |ϕn| ·
∣∣∣∣log ΩnΩ0(u0)
∣∣∣∣ · Ω20(u0)Ω2n .
The right hand side also tends to zero as n → ∞. Therefore the auxiliary condition
(3.5) follows if n is larger than some sufficiently large n4. Finally, we can take N2 =
max{n1, n2, n3, n4}.
We will then solve the solution from u0,n to u1,n. The function F we use is
F1,n = F (δn, u0,n, u1,n) = Ω
2
n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ ≥ 1. (6.13)
Now we are going to derive an estimate for A1,n:
Proposition 6.2. There exists some N3 such that, for n > N3,
A1,n = 1. (6.14)
Proof. From Proposition 6.1, or the conclusion of Theorem 3.1, we have
|u0,n|‖Ωχ̂, ω, Lφ‖L∞u H4(u0,n) . FnW
1
2
n An . FnW
1
2
n .
Because now the assumptions in Theorem 6.1 requires that we have bounds for three order
higher derivatives of the initial data than those in Theorem 3.1, we can prove using similar
argument to that in Section 4, that
|u0,n|‖Ωχ̂, ω, Lφ‖L∞u H7(u0,n) . FnW
1
2
n An . FnW
1
2
n .
We omit the details here. Then
F−11,n |u0,n|‖Ωχ̂, ω, Lφ‖L∞u H7(u0,n) . F−11,nFnW
1
2
n ≤ |ϕn|C2Ω2n
34
ϕ2n
∣∣∣∣log ΩnΩ0(u0)
∣∣∣∣ 12
which tends to zero as n → ∞. We should also compute sup
u0,n≤u′≤u1,n
(F−11,n |ϕ(u′)|). We
compute
sup
u0,n≤u′≤u1,n
|ϕ(u′)| ≤|ϕn|+
∫ u1,n
u0,n
Ω20(u
′)h(u′)|ψ(u′)|
|u′| du
′
≤|ϕn|+ Ω2n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ 12
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≤|ϕn|(1 + (5C)−1).
The last inequality is by (6.8). From (6.13) and (6.10), we also deduce that
sup
u0,n≤u′≤u1,n
(F−11,n |ϕ(u′)|)→ 0
as n→∞. Then by the definition (3.3) of A1,n, (6.14) follows if n is larger than some N3.
The final proposition we want to prove is
Proposition 6.3. There exists some N4 such that for n > N4, we have
inf
ϑ∈S2
∫ δn
0
|u0,n|2[|Ωχ̂|2 + 2|Lφ|2](u′, u0,n, ϑ)du′ ≥ 17C2Ω4n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ . (6.15)
Proof. Similar to deriving (4.16) using the equaiton (4.14), we repeat the derivation of
(4.16), with the estimate of the term ∇/ φ, η being improved using (5.6), (5.10), we achieve
the following: for all ϑ ∈ S2,
sup
0≤u≤δn
||u0,n|Lφ(u, u0,n, ϑ)−ϕ(u)| . sup
0≤u≤δn
||u0|Lφ(u, u0, ϑ)−ϕ(u0)|+δn|u0,n|−1F 2nWnA2n.
(6.16)
The first term on the right hand side is bounded from (6.5) by 2A. The second term can
also be bounded by A for n sufficiently large. This is because, by (6.12),
δn|u0,n|−1F 2nWnA2n ≤ C−2e−C
−2Ω−4n
ϕ2n
34 · ϕ2n
∣∣∣∣log ΩnΩ0(u0)
∣∣∣∣ 12 → 0
as n→∞. Then we have
sup
0≤u≤δn
||u0,n|Lφ(u, u0,n, ϑ)− ϕ(u)| ≤ cA
for some universal c, which implies ||u0,n|Lφ(u, u0,n, ϑ)| ≥ |ϕn|2 ,∀0 ≤ u ≤ δn when n is
larger than some N4. Together with (6.8) and (6.14), we have∫ δn
0
|u0,n|2|Lφ(u′, u0,n, ϑ)|2du′ ≥ 17
2
C2Ω4n
∣∣∣∣log |u1,n||u0,n|
∣∣∣∣ ,
for all ϑ ∈ S2 and this implies (6.15).
By (6.9), (6.13), (6.14) and (6.15), we can apply Theorem 5.2, with u0 in the theo-
rem replaced by u0,n and u1 by u1,n, and with a = 1, to conclude that if n > N :=
max{N1, N2, N3, N4}, the solution exists in 0 ≤ u ≤ δn, u0,n ≤ u ≤ u1,n, and the sphere
Sδn,u1,n is a closed trapped surface. In addition, as n→∞, δn → 0+ and u1,n → 0−. This
completes the proof of Case 1.
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Proof of Case 2. In this case, ϕ(u) is bounded for all u ∈ [u0, 0). Similar to Case 1, we
would like to find some u˜ such that we can apply Theorem 5.2 on Cu˜. Let δ˜, u˜∗ be defined
in terms of u˜ through (6.2) and (6.3). Then we can find some ε1 such that if |u˜| < ε1,
Ω˜2
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ = 117C−2Ω˜−γ ≥ 1, (6.17)
and this implies, together with (6.3),
C2δ˜ ≤ |u˜∗|. (6.18)
First of all, we will prove
Proposition 6.4. Setting the function F to be
F˜ = F (δ˜, u0, u˜) = max
{
A, sup
u0≤u′≤u˜
|ϕ(u′)|
}
,
Then there exists some ε2 such that for |u˜| < ε2, the solution of the Einstein equations
exists in the region 0 ≤ u ≤ δ˜, u0 ≤ u ≤ u˜, and the estimates stated in Theorem 3.1 hold.
Proof. We only need to verify the smallness conditions and the auxiliary condition. The
corresponding A˜ is then uniformly bounded by 1 again. We also have F˜ ≤ F uniformly.
We denote the corresponding functions E ,W by E˜ , W˜ .
Substitude (6.18) back to (6.2), we have
δ˜|u˜|−1 ≤ C−2e− 117C−2Ω˜−2−γ . (6.19)
We compute
C2δ˜|u˜|−1F˜ W˜ A˜ ≤ e− 117C−2Ω˜−2−γ · F ·
∣∣∣∣∣log Ω˜Ω0(u0)
∣∣∣∣∣
which will tend to zero as u˜→ 0. This verifies the second one of the smallness conditions
because C ≥ C1 ≥ C0, and the auxiliary condition is verified similarly. Similar to Case 1,
using the bound (6.7), we will have
Ω20(u0)δ˜|u˜|−1E˜ 2W˜ ≤ C−2e−
1
17
C−2Ω˜−2−γ
∣∣∣∣∣log Ω˜Ω0(u0)
∣∣∣∣∣E
which will also tend to zero as u˜→ 0. This verifies the first one of the smallness conditions.
We will then solve the solution from u˜ to u˜∗. The function F is set to be
F˜∗ = F (δ˜, u˜, u˜∗) = Ω˜2
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ ≥ 1. (6.20)
Similar to Case 1, we derive an estimate for A˜∗:
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Proposition 6.5. There exists some ε3 such that for |u˜| < ε3,
A˜∗ = A(δ˜, u˜, u˜∗) = 1. (6.21)
Proof. Again similar to Case 1, we compute the quantity
F˜−1∗ F˜ W˜
1
2 ≤ 17C2Ω˜γ
∣∣∣∣∣log Ω˜Ω0(u0)
∣∣∣∣∣
1
2
F
which tends to zero as u˜→ 0−. The proof is then completed after we note that
sup
u˜≤u′≤u˜∗
(F˜−1∗ |ϕ(u′)|)→ 0
as u˜→ 0 (because of (6.20) and (6.17)).
The final proposition we will prove is
Proposition 6.6. There exists some ε4 such that if |u˜| < ε4 and
Ωγ−20 (u˜)f(u˜) ≥ 2,
then we have
inf
ϑ∈S2
∫ δ˜
0
(|u˜|2|Ωχ̂|2 + 2|u˜|2|Lφ|2)(u′, u˜, ϑ)du′ ≥ 17C2Ω˜4δ˜
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ . (6.22)
Proof. We integrate the equation (4.14) from u = u0 to u = u˜, and obtain, similar to
(6.16), for all 0 ≤ u ≤ δ˜, ϑ ∈ S2,
|(|u˜|Lφ(u, u˜, ϑ)− ϕ(u))− (|u0|Lφ(u, u0, ϑ)− ϕ(u0))| . δ˜|u˜|−1F˜ 2W˜ A˜2,
which implies
||u˜|Lφ(u, u˜, ϑ)| ≥ ||u0|Lφ(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0))| − cδ˜|u˜|−1F˜ 2W˜ A˜2, (6.23)
On the other hand, consider the equation (4.23), written in the following form:
∂
∂u
(|u|2|Ωχ̂|2) =2|u|2〈Ω2(∇/ ⊗̂η + η⊗̂η +∇/ φ⊗̂∇/ φ−∇/ b(Ωχ̂)),Ωχ̂〉
−
(
Ωtrχ+
2
|u|
)
|u|2|Ωχ̂|2 − Ωtrχ|u|2〈Ωχ̂,Ωχ̂〉,
we will have, for all 0 ≤ u ≤ δ˜, ϑ ∈ S2
|u˜|2|Ωχ̂(u, u˜, ϑ)|2 ≥ |u0|2|Ωχ̂(u, u0, ϑ)|2 − cδ˜|u˜|−1F˜ 3A˜3. (6.24)
Integrating the sqaure of (6.23) and (6.24) over u, together with (6.19), we have
1
δ˜
∫ δ˜
0
(|u˜|2|Ωχ̂|2 + 2|u˜|2|Lφ|2)(u′, u˜, ϑ)du′
≥1
δ˜
∫ δ˜
0
(|u0|2|Ωχ̂(u, u0, ϑ)|2 + ||u0|Lφ(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0))|2)du′ − cC−2e− 117C−2Ω˜−2−γF 3
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=f(u˜)− cC−2e− 117C−2Ω˜−2−γF 3.
Then there exists some ε4 such that if |u˜| < ε4, such that
cC−2e−
1
18
C−2Ω˜−2−γF 3 ≤ 1
2
Ω˜2−γ .
If Ωγ−20 (u˜)f(u˜; γ) ≥ 2, we then have
1
δ˜
∫ δ˜
0
(|u˜|2|Ωχ̂|2 + 2|u˜|2|Lφ|2)(u′, u˜, ϑ)du′ ≥2Ω˜2−γ − 1
2
Ω˜2−γ ≥ Ω˜2−γ .
In view of (6.2) and (6.21),
1
δ˜
∫ δ˜
0
(|u˜|2|Ωχ̂|2 + 2|u˜|2|Lφ|2)(u′, u˜, ϑ)du′ ≥ 17C2Ω˜4
∣∣∣∣log |u˜∗||u˜|
∣∣∣∣ ,
for all ϑ ∈ S2 which implies (6.22).
By (6.3), (6.20), (6.21) and (6.22), we can apply Theorem 5.2 with a = 1, and conclude
that S
δ˜,u˜∗ is a closed trapped surface if |u˜| < ε0 := min{ε1, ε2, ε3, ε4}. This completes the
proof of Case 2.
Remark 6.1. The additional bound (6.7), or the stronger bound (6.6), which is more nat-
ural, are introduced to guarantee the validity of the first one of the smallness assumptions
(3.4) in both cases. We will use instead the bound (6.7) in the actual proof in the next
section. On the other hand, if we assume the rate of Ω0 tending to zero is sufficiently fast,
for example,
sup
u0≤u<0
e−
1
17
C−2Ω−20 (u)
∣∣∣∣log |u||u0|
∣∣∣∣ < +∞,
which is clearly not optimal, then we can see from the proof that we do not need the bound
(6.7).
7. Gravitational perturbations
Recalling that the initial data on Cu0 consists the conformal metric ĝ/, the lapse Ω and
the scalar field function φ. In this section, we should consider non-smooth initial data.
7.1. The instability theorems for non-smooth initial data. First of all, we state and
prove the instability theorem for non-smooth initial data.
Theorem 7.1. Suppose that the initial data on C0 is smooth, spherically symmetric,
singular at the vertex, and ϕ(u) is bounded. The data on Cu0 is given on a fixed intervel,
say u ∈ [0, 1], not necessarily smooth, satisfies
|u0| sup
u∈[0,1]
(‖Ωχ̂‖H10(u,u0) + ‖ω‖H8(u,u0) + ‖Lφ‖H8(u,u0)) ≤ A (7.1)
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and
min
{
sup
δ∈(0,1]
‖|u0|(|u0|∇/ )Lφ‖2L2
[0,δ]
H7(u0)
∣∣∣∣log C2δ|u0|
∣∣∣∣ , sup
u0≤u<0
e−
1
17
C−2Ω−20 (u)
∣∣∣∣log |u||u0|
∣∣∣∣
}
≤ E
(7.2)
for some A ≥ 1, E and C ≥ max{C1, 4}. Suppose also that for some γ ∈ (0, 2),
Ωγ−20 (u˜)f(u˜; γ) ≥ 32, (7.3)
for some |u˜| < ε0 where f(u˜; γ) is the function defined in (6.1) and ε0 is given in Theorem
6.1.
Then there exists a pair of numbers (δ˜, u˜∗) such that the following conclusions hold: Let
(ĝ/n,Ωn, Lφn) be a sequence of smooth initial data on Cu0 , satisfying (7.1) and (7.2) with
the same constants A and E. Suppose that
1
2
|ξ|g/ ≤ |ξ|g/
n
≤ 2|ξ|g/
for all 2-covariant tensor field ξ and all n, and
lim
n→∞ supϑ∈S2
∫ 1
0
|u0|2|Ωnχ̂n − Ωχ̂|2g/(u, u0, ϑ)du = 0, (7.4)
lim
n→∞ supϑ∈S2
∫ 1
0
|u0|2|Lφn(u, u0, ϑ)− Lφ(u, u0, ϑ)|2du = 0. (7.5)
Then there exists some N such that for all n > N , the sphere S
δ˜,u˜∗ is a closed trapped
surface in the maximal development of the initial data (ĝ/n,Ωn, Lφn). Moreover, the sphere
S
δ˜,u˜∗ is uniformly strictly trapped, in the sense that for all n > N ,
(trχ′)n|S
δ˜,u˜∗
≤ −17
16
· 2|u˜∗| , Ωntrχn|Sδ˜,u˜ ≤ −
1
|u˜∗| .
Proof. Choose numbers δ˜ and u˜∗ defined through (6.2) and (6.3) in terms of u˜. The trapped
surface being strictly trapped uniformly is followed directly from the proof of Theorem 5.1.
We only need to verify that for all n > N for some N , (6.4) holds and then apply Theorem
6.1 and Remark 6.1. Indeed, from the assumptions, we can find some N1 such that for all
n > N1,
sup
ϑ∈S2
∫ δ˜(u˜;γ)
0
|u0|2|Ωnχ̂n − Ωχ̂|2g/(u, u0, ϑ)du ≤
1
8
δ˜(u˜; γ)f(u˜; γ),
then we obtain
1
δ˜(u˜; γ)
∫ δ˜(u˜;γ)
0
|u0|2|Ωnχ̂n|2g/
n
(u, u0, ϑ)du
≥ 1
4δ˜(u˜; γ)
(
1
2
∫ δ˜(u˜;γ)
0
|u0|2|Ωχ̂|2g/(u, u0, ϑ)du−
∫ δ˜(u˜;γ)
0
|u0|2|Ωnχ̂n − Ωχ̂|2g/(u, u0, ϑ)du
)
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≥ 1
8δ˜(u˜; γ)
∫ δ˜(u˜;γ)
0
|u0|2|Ωχ̂|2g/(u, u0, ϑ)du−
1
32
δ˜(u˜; γ)f(u˜; γ).
Similar argument allows us to find some N2 such that for n > N2,
1
δ˜(u˜; γ)
∫ δ˜(u˜;γ)
0
||u0|Lφn(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0)|2du
≥ 1
8δ˜(u˜; γ)
∫ δ˜(u˜;γ)
0
||u0|Lφ(u, u0, ϑ) + (ϕ(u˜)− ϕ(u0)|2du− 1
32
δ˜(u˜; γ)f(u˜; γ).
Summing up the above two inequalities implies that (6.4) holds for (ĝ/n,Ωn, Lφn) if n >
N = max{N1, N2} from the assumption (7.3).
From the conclusions of the above theorem, if the solutions of the Einstein equations
with initial data (ĝ/n,Ωn, φn) converge, in any senses such that (trχ
′)n and Ωntrχn converge
pointwisely on S
δ˜,u˜
, then the limiting spacetime has a closed trapped surface. Therefore
we may say, that the future development of such initial data has a closed trapped surface.
Finally, we have the following.
Theorem 7.2. Suppose that the initial data on C0 is smooth, spherically symmetric
and singular at the vertex. The data (ĝ/,Ω, φ) on Cu0 satisfies (7.1) and (7.2) for some
C ≥ max{C1, 4}. If ϕ(u) is bounded, we assume in addition
lim sup
u˜→0−
Ωγ−20 (u˜)f(u˜; γ) > 32 (7.6)
for some γ ∈ (0, 2).
Then we can find two sequences δ˜k → 0+ and u˜1,k → 0−, such that the following
conclusions hold: Let (ĝ/n,Ωn, φn) be a sequence of smooth initial data satisfying the same
assumptions as in the statement of Theorem 7.1. Then for every k, there exists some
N = Nk, such that for all n > Nk,
(trχ′)n|S
δ˜k,u˜1,k
≤ −17
16
· 2|u˜1,k| , Ωntrχn|Sδ˜k,u˜1,k ≤ −
1
|u˜1,k| .
In particular, S
δ˜k,u˜1,k
is trapped in the maximal development of (ĝ/n,Ωn, Lφn) for all n > Nk.
Proof. When ϕ(u) is bounded, this is a direct corollary of Theorem 7.1. When ϕ(u) is
unbounded, we can see from the proof of Case 1 in Theorem 6.1 that the choice of the
sequence of u0,n, and therefore the locations of the closed trapped surfaces only depends
on the initial data on C0, and the conclusion follows from this observation. Moreover, in
this case, the sequences of χ̂n and (Lφ)n does not need to satisfy (7.4) and (7.5).
Using a limiting argument, we may also say, that the future development of the such
initial data has a sequence of closed trapped surfaces approaching the singularity.
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Remark 7.1. In Theorem 7.1, if the function f in the condition (7.3) is replaced by
another function f ′ defined as
f ′(u˜; γ) =
1
δ˜(u˜; γ)
inf
ϑ∈S2
∫ δ˜(u˜;γ)
0
|u0|2|Ωχ̂|2(u, u0, ϑ)du, (7.7)
then the converging of Lφ in (7.5) is not needed.
7.2. The space of the initial data sets. The final part is to investigate the space of
the initial data sets. We first choose the stereographic charts (ϑ1, ϑ2) (both north pole and
south pole charts) on S0,u0 and extend them to the whole Cu0 for u ∈ [0, 1] by requiring
LθA = 0, A = 1, 2. Since we only consider the perturbations on the conformal metric ĝ/ for
simplicity, we will fix the lapse Ω such that Ω ∈ C1uH8ϑ and the scalar field function φ such
that φ ∈ C1uH8ϑ. We also fix an initial data on C0 which is smooth, spherically symmetric
and singular at the vertex. Moreover, we assume that (7.2) holds for some E where the
metric on Su,u0 is understood to be the standard round metric with radius |u0| because
the real metric g/ is not yet defined. If φ is assumed to be smooth, then (7.2) does hold for
some E.
In such a coordinate system, the conformal metric ĝ/ can be written as a pair of symmetric
positive definite matrices ĝ/AB writing in the form
ĝ/AB(u, u0, ϑ) =
|u0|2
(1 + 14(ϑ
2
1 + ϑ
2
2))
2
mAB(u, ϑ) (7.8)
where mAB represents a pair of matrices with determinant 1 and satisfying the coordinate
transformation rule, see for example Chapter 2 in [9]. For simplicity, we use a single nota-
tion ΨAB to denote the pair of matrices ΨAB,Ψ
′
AB satisfying the coordinate transformation
rule. Then this pair of matrices defines a tensor Ψ. We then introduce the definitions of
the spaces of the initial data. We remark that all the definitions, statements and
proofs below depend on the initial data on C0 we fix.
Definition 7.1. We define I to be the space of the conformal metrics ĝ/ defined for u ∈ [0, 1]
and ϑ ∈ S2 such that ĝ/AB ∈ C1uH10ϑ , and ĝ/(0, ϑ) is the standard round metric with radius
|u0|, ∂∂u ĝ/(0, ϑ) = 0.
Definition 7.2. We define E ⊂ I to be the collection of ĝ/ ∈ I such that the conclusion of
Theorem 7.2 does not hold for any sequences δ˜k → 0+ and u˜1,k → 0−.
Definition 7.3. We define Eε ⊂ I to be the collection of ĝ/ ∈ I such that the conclusion
of Theorem 7.1 does not hold for any (δ˜, u˜∗) with δ˜ < ε.
Remark 7.2. It is not difficult to use a similar argument in Chapter 2 in [9] that (7.1)
holds for some A and (7.2) holds for some different E by comparing on Su,u0 the real metric
g/ and the standard round metric.
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At last, we will prove the following precise forms of Theorem 1.4 and 1.5, the main
results of the present article.
Theorem 7.3 (Precise version of Theorem 1.4). E is of first category in I. This is to say,
Ec, the complement of E in I, contains a subset that is a countably intersection of open
and dense subsets in I.
Theorem 7.4 (Precise version of Theorem 1.5). Ecε contains a subset that is open and
dense in I for all ε > 0.
Proof of Theorem 7.3. We begin by defining N2−γ ⊂ I such that
N c2−γ = {ĝ/ ∈ I| lim sup
u˜→0−
Ωγ−20 (u˜)f
′(u˜; γ) > 32}
where the function f ′ is defined in (7.7). From Theorem 7.2, E ⊂ N2−γ for any γ ∈ (0, 2).
Then we only need to prove that N2−γ is of first category in I for some γ ∈ (0, 2). We
define also N2−γ,ε ⊂ I such that
N c2−γ,ε = {ĝ/ ∈ I| there exists some u˜ with δ˜(u˜; γ) < ε such that Ωγ−20 (u˜)f ′(u˜; γ) ≥ 33}.
It is clear that N c2−γ ⊃
⋂
iN c2−γ,εi for any sequences εi → 0, and therefore we only need to
prove that N c2−γ,ε is open and dense in I for all ε > 0 and γ ∈ (0, 2). From now on, we fix
some ε > 0 and γ ∈ (0, 2) arbitrarily.
Using the argument in the proof of Theorem 7.1, we know that N c2−γ,ε is in fact open
in L∞ϑ H
1
u. Since C
1
uH
10
ϑ ↪→ C1uC8ϑ ↪→ C8ϑC1u ↪→ L∞ϑ H1u, then N c2−γ,ε is also open in C1uH10ϑ .
The denseness is followed by the following proposition.
Proposition 7.1. Given any ĝ/ ∈ I, there exists a one-parameter family ĝ/t ∈ I at least
for sufficiently small t such that ĝ/t ∈ N c2−γ,ε for t 6= 0, and ĝ/t → ĝ/ in C1uH10ϑ as t→ 0.
Proof. Fix two pairs of symmetric trace-free matrices Ψ˜AB(ϑ) and Ψ˜
′
AB(ϑ) on S
2 = S0,u0
such that for each p ∈ S2, either Ψ˜AB(p) 6= 0 or Ψ˜′AB(p) 6= 0. Then we define a pair of
symmetric trace-free matrix valued functions ΨAB(u, ϑ) for u ∈ (0, 1], ϑ ∈ S2 by
ΨAB(u, ϑ) =

Ψ˜AB(ϑ), 2
−4n−4 < u ≤ 2−4n−3
Ψ˜′AB(ϑ), 2
−4n−2 < u ≤ 2−4n−1,
continuously extended, otherwise
for n = 0, 1, 2, · · · .
The magnitude |Ψ| =
√∑
A,B=1,2(ΨAB)
2 is a well-defined function because of the coordi-
nate transformation rule. We then define the normalization ΨAB of ΨAB by
ΨAB(u, ϑ) = ΨAB(u, ϑ)
/(
1
u
∫ u
0
|Ψ|2(u′, ϑ)du′
) 1
2
, (7.9)
which is well-defined since
∫ u
0 |Ψ|2(u′, ϑ)du′ is nowhere zero for all u ∈ (0, 1]. ΨAB is by def-
inition also a pair of symmetric trace-free matrices satisfying the coordinate transformation
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rule and for all u ∈ (0, 1] and ϑ ∈ S2,
1
u
∫ u
0
|Ψ|2(u′, ϑ)du′ = 1. (7.10)
However, Ψ is not continuous at u = 0 and we will make a cut-off. For any δ > 0, let
jδ(u) be a continuous cut-off function such that jδ(0) = 0, jδ(u) = 1 for
δ
2 ≤ u ≤ 1, and
0 ≤ jδ(u) ≤ 1. Then jδΨAB is defined for all u ∈ [0, 1] and from (7.10), we have
1
δ
∫ δ
0
|jδΨ|2(u, ϑ)du ≥ 1
2
. (7.11)
for all δ ∈ (0, 1] and ϑ ∈ S2.
Now given any t ∈ R with small absolute value, we will choose a u˜t > −ε sufficiently
close to 0 according to t such that u˜t → 0− as t→ 0. The choice of u˜t will be determined
in the course of the proof. We then define
mt;AB(u, ϑ) = exp
(
t
∫ u
0
j
δ˜(u˜t;γ)
(u′)ΨAB(u′, ϑ)du′
)
(7.12)
for all t ∈ R. Because ∫ u0 jδ˜(u˜t;γ)ΨAB(u′, ϑ)du′ is also a pair of symmetric trace-free matri-
ces satisfying the coordinate transformation rule, then mt;AB is then a pair of symmetric
matrices with determinate 1 satisfying the coordinate transformation rule and this defines
a family of conformal metrics ĝ/t through (7.8). We then compute
|Ωχ̂g/
t
|2g/
t
=
1
4
(m−1t )
AC(m−1t )
BD ∂mt;AB
∂u
∂mt;CD
∂u
in both coordinate charts1. From the definition (7.12) of mt;AB, we have
(m−1t )
AB = IAB +Ot(u)
where IAB is the identity matrix and
∂mt;AB
∂u
= tj
δ˜(u˜t;γ)
ΨAB +Ot(u).
Then we have
|Ωχ̂g/
t
|2g/
t
=
t2
4
|j
δ˜(u˜t;γ)
Ψ|2 +Ot(u).
Here the constants in Ot(u) depend on Ψ˜AB, Ψ˜
′
AB and t, but not on the particular choice
of u˜t. Therefore we can choose u˜t sufficiently close to 0 such that |Ot(u)| ≤ t216 for 0 ≤ u ≤
δ˜(u˜t; γ) and then from (7.11),
1
δ˜(u˜t; γ)
∫ δ˜(u˜t;γ)
0
|Ωχ̂g/
t
|2g/
t
(u, ϑ)du ≥ t
2
16
. (7.13)
1See formula (2.70) in [9].
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Now we begin to construct ĝ/t. For the given ĝ/ ∈ I, we have a pair of matrices mAB
given by (7.8). We then define
mt;AB = mACmt;CB (7.14)
which also satisfies the coordinate transformation rule and hence defines a family of the
conformal metrics ĝ/t for all small t. In particular, ĝ/0 ≡ ĝ/ and ĝ/t ∈ I and ĝ/t → ĝ/ as t→ 0.
Let g/t be the corresponding family of full metrics and χ̂t be the corresponding family of
shear tensors, by direct computations, we have,
|Ωχ̂t|2g/
t
(u, u0, ϑ) ≥ 1
2
|Ωχ̂g/
t
|2g/
t
− |Ωχ̂|2g/(u, u0, ϑ)−Ot(u).
By choosing u˜t sufficiently close to zero such that |Ωχ̂|2g/(u, u0, ϑ) ≤
t2
128 (recalling that
χ̂(0, u0, ϑ) = 0) and |Ot(u)| ≤ t2128 for all 0 ≤ u ≤ δ˜(u˜t; γ), ϑ ∈ S2, from (7.13), we have
1
δ˜(u˜t; γ)
∫ δ˜(u˜t;γ)
0
|Ωχ̂t|2g/
t
(u, u0, ϑ)du ≥ t
2
64
. (7.15)
Finally, we can choose u˜t sufficiently close to zero such that Ω
2−γ
0 (u˜t) ≤ t
2
64×33 , and conclude
that ĝ/t ∈ N c2−γ,ε for all nonzero small t.
This proves the denseness of N c2−γ,ε and the proof of Theorem 7.3 is completed.
Proof of Theorem 7.4. We denote
BA =
{
ĝ/ ∈ I
∣∣∣|u0| sup
u∈[0,1]
‖Ωχ̂‖H10(u,u0) < A
}
for every A ≥ 1. Fix a sequence Ai → +∞, then
⋃
iBAi = I. From Theorem 7.2, for any
given i, ε > 0, γ ∈ (0, 2), there exists some ε0,i < ε such that
N c2−γ,ε0,i ∩BAi ⊂ Ecε .
Therefore
Ecε ⊃
⋃
i
(N c2−γ,ε0,i ∩BAi).
The set on the right is obviously open since it is a union of open subsets, and we only need
to show that it is dense. Given any bounded open subset U of I, U ⊂ BAi0 for some i0.
Then since N c2−γ,ε0,i0 is dense by Proposition 7.1,
U ∩
⋃
i
(N c2−γ,ε0,i ∩BAi) ⊃ U ∩ (N c2−γ,ε0,i0 ∩BAi0 ) = U ∩N
c
2−γ,ε0,i0 6= ∅.
This shows that Ecε contains an open and dense subset in I and completes the proof of
Theorem 7.4.
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